Homework 4 Solutions

5.58

(a)

The solid sphere has a constant charge density p = 3Q/47R3. We will divide the
sphere into a bunch of rings as in problem 5.56 of homework 3, only now we have a
continuum of rings of varying radius for each value of the polar angle #. The charge of
each volume element is pr? sin Odrdfde, so the charge of each ring is dQ = 2mpr? sin Odrde.
The current in each ring is thus dI = dQw/27 = pwr? sin @drdf. The radius of each ring is
rsin@, so the corresponding dipole moment is dift = 27 pwr? sin® Odrdf. To find the total

dipole moment of the sphere, we need to integrate this over all values of 6 and r:
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A simple check of this result is to recall from homework 3 that the gyromagnetic ratio

l\z

of a rotating charged ring of charge Q and mass M is Q/2M. We also found the same
ratio for a rotating hollow charged sphere. In fact, any object which can be described as a
collection of rings will have this same ratio, including the solid sphere we are considering
here. A well known result from classical mechanics is that the moment of inertia of a solid
sphere is 2M R? /5. Multiplying this by w (to get the angular momentum) and then by the
ratio Q)/2M, we see that we get back (1).

(b)
Note that we could immediately apply equation 5.89 from the text using the result
from part (a). However, to get a feel for how to tackle more difficult problems, we’ll work

a little harder for the answer. We’ll start with another result from problem 5.57:
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V' is the solid sphere, and S is its surface. Next, we substitute in for A using




The current density is given by
J(7) = pwr’ sin6'¢'. (4)

This should be compared with the quantity dI of part (a): dI is just the area element
r'd@’dr’ times J. Putting it all together, we get

(B) = SMope /d?’r’?“’ sin 0 ¢’ x]i da (5)
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From problem 5.57 in the book, the surface integral above is 477" /3. We then get
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(B) = — ZOJP; / dr'd0'dg/r" sin? 0/ x 7 = — 1LY / do'd¢’ sn® 0’0, (6)
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In cartesian coordinates, €’ is
0" = (cost cos¢’,cos @ sing’, —sinf'). (7)

The first two components will integrate to zero when we perform the ¢’ integral. The

integral then reduces to

» R? 2410 pw R2
(B) = Ko~ 2/d0’ sind ¢ = 20P0R”, _ foQu (8)
10 15 107 R

This agrees with what we would get from equation 5.89.

(c)
The limit » > R is the dipole limit. The vector potential for a dipole moment has

already been derived in equation 5.85:
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gdip(F) =
Plugging in the result from part (a) gives

- R?sin6 -
Rup(7) = How@R7sin b 5 (10)
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Now we are going to find A ezactly. We will use the hint, which means using the
answer for a rotating spherical shell of radius R’, given in example 5.11 in the book:

owpoR™

A(F) = 52

sin 0¢. (11)
We should be able to get A for the solid sphere case by adding up this solution for all
values of the radius R’, from 0 to R. Before we do this, we should write the surface charge

density o in terms of our volume charge density p: o = pdR’. The sum over shells becomes

an integral which is easy to perform:
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This is exactly the same as the approximate value we got in part (c¢)! When you think
about it though, it is not at all surprising that we got the correct answer in part (c). Now
that we know the correct answer, it is clear from the form of (18) that if we keep only the
leading order term in powers of R?/r?, we get back the exact answer since it contains only

one such power, ie the full answer is the leading order term in this expansion.

(e)
We can again make use of the results from example 5.11 to compute the magnetic

field inside the rotating sphere. Let’s recall these results:

Cohell —GM%OR rsin 0@3, r<R
A - owpoR'* sing r <13)
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As in part (d), we can integrate the shell solutions to obtain the solution for the solid

sphere. If we want to compute zﬁfsoud‘gphe’“e(r,e,qﬁ) inside the sphere, then we need to

integrate A"!l for R’ > r, integrate A*h¢ll for R’ < r, and add the two results:

inside outside
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g§ol1dsphere(r,97¢) — / dR/ shell (R,,T,(g, d)) _|_/ dR/Ashell (R/,T,9,¢)- (14)
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Plugging in from (19), replacing ¢ — pdR’, and doing the integrals gives

, 1 1 )
I Pwho [—T(Rz —7r?) + 57"3] sin 0¢. (15)

Next, we take the curl of this expression to find the magnetic field inside the sphere:

B=VxA= pa;uo {f [RZ - %”2} cosf — 0 [R2 — grﬂ sin@} . (16)
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Finally, we’d like to take the average of this result and check that it agrees with the answer

from part (b):
3

(B) = Yo /V B. (17)

We'll start with the angular pieces:

1 ™ 27 1
(Fcosf) = E/o dH/O d¢ sin 07 cos 6 = 52’

1 ™ 27 2 (18)
(fsin @) = —/ d9/ dpsinffsinf = —=2.
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Plugging these results into (22) and (23) and collecting terms then leads to
(B = Pwﬁboé/R drr?(R? — 12) = 2PwM0R22 _ “Ong (19)
- OR3 T, 15 ~ 10nR”
This agrees with equation (8) above.
5.60
(a)
We write the vector potential as
Ho 3,/ j(f’/)
=— | d’r'——=-. 20
in / "= (20)
As in equation 5.77, we can expand the denominator of the integrand:
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Plugging this into (26) gives the multipole expansion:
A=t f: ! / &'y P, (7 ) J(7). (22)
A £~ prtl
(b)
The monopole potential is given by the first term in the above expansion:
1= po 1 3.0 T/
AP mon = —— [ &>r'J (7). 23
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Obviously, if this is to vanish, we need to show that the integral of J vanishes. We can
replace this integral with an integral over the curl of the magnetic field:
/fﬂi:i/ﬁwaézf- di x B. (24)
Ho Ho
In the last step, we used the identity from problem 1.60b of the book. In this case the
volume integral is over all space, and the surface integral is over the “surface at infinity”. To
make this well defined, we can imagine integrating over a large ball of radius R, performing
the surface integral as a function of R, and then taking R — oco. However, we must have
the B field vanishing at infinity since the current sources are localized—if they were not
localized, the multipole expansion would not be sensible. Therefore, B vanishes at infinity,
and the surface integral vanishes.
An alternative solution is to exploit an identity given in problem 5.7 of the text. This

relates the integral over the current density to the time derivative of the electric dipole

tAj:§; (25)

For magnetostatics, the electric dipole moment must be constant in time, so we see that

moment:

the integral of J must vanish.

(c)

We want to express the dipole moment of a current distribution (described by J ) as
an integral over the volume occupied by that distribution. To do this, we will divide the
distribution into infinitesimal current elements and determine the contribution to m made
by each such element.

We begin with equation 5.84 from the text:

m:z/ﬁa (26)

Equation 1.107 allows us to rewrite this as
— I — e
m:§frmm (27)

Let’s be clear about what these expressions mean. Equation (31) says that the dipole
moment of a loop of current I enclosing an area [ da is the product of I with the area

vector of this area, [da. Equation (32) says that we may write the area vector as an
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integral over the loop enclosing its associated area and thus express m in terms of this
integral. In these expressions, we do not concern ourselves with the cross section of the
loop, ie the thickness of the wire. We have already integrated over this thickness when we
describe the current with the quantity I. In particular, I = [da’ - f, where [ da’ is the
cross-sectional area, and .J is the usual current density. (J da’ is not to be confused with
the area enclosed by the loop, [ da.) If we shrink the cross-sectional area to infinitesimal
size, then J is constant over this area and in the df direction. From this and (32) above,
we see that an infinitesimal element of the loop makes the following contribution to the
dipole moment:

dity = LJ7 x dlda’ =

17 x Jdtda' = 17 x Jd*r. (28)

To find the total dipole moment, we integrate this to obtain the desired expression.

5.61

We will think of the rotating cylinder as a stack of magnetic dipoles. The dipole

moment of each current ring is

dm = dI / dd = nR*2dI = nR*wo3dz. (29)
The magnetic field of a dipole is quoted in problem 5.33:
5 kol

Baip = 13 [B(m - 7)F —m) . (30)

To find the total magnetic field at a distance s from the center of the glass rod, we must
integrate over this stack of dipoles:
5 _ HoRPwo /L/2 32— 2 (31)
TR YR PRI
Here, we've used that the magnitude of the vector from the dipole to the measurement
point is given by r = v/s2 4+ 22. This comes from 7 = s§ — z2. From this, we can also
deduce that

s z
7= 5 — zZ. 32
V82 + 22 V82 + 22 (32)
Plugging this into (36), we get
2
ﬁ Sup (L2 3|t — d| = 2
j = toltwe st . (33)
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The integral proportional to § vanishes since it is an odd function of z. We are then left
with

B dz =— 3 (34)
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