Chapter 4

Continuum Mechanics

Continuous systems possess an infinite number of degrees of freedom. They are described
by a set of fields ¢,(x,t) which depend on space and time. These fields may represent
local displacement, pressure, velocity, etc. The equations of motion of the fields are again
determined by extremizing the action, which, in turn, is an integral of the Lagrangian
density over all space and time. Extremization yields a set of (generally coupled) partial
differential equations.

4.1 Euler-Lagrange Equations for Classical Field Theories
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Suppose ¢q(x) depends on n independent variables, {z',22,...,2"}. Consider the func-

tional

S[{u(@)] = /dw (b Db ) (4.1)
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i.e. the Lagrangian density L is a function of the fields ¢, and their partial derivatives
Opq/O0xH. Here 2 is a region in R™. Then the first variation of S is
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where 02 is the (n — 1)-dimensional boundary of {2, d¥ is the differential surface area, and
n* is the unit normal. If we demand 0L/0(0,¢a =0 of 0¢qa|,, = 0, the surface term
vanishes, and we conclude
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where the subscript means we are to evaluate the term in brackets at . In a mechanical
system, one of the n independent variables (usually 2°), is the time ¢. However, we may
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Figure 4.1: A string is described by the vertical displacement field y(x,t).

be interested in a time-independent context in which we wish to extremize the energy
functional, for example. In any case, setting the first variation of S to zero yields the
Euler-Lagrange equations,
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As an example, consider a string of linear mass density p(z) under tension 7(z).! Let
the string move in a plane, such that its shape is described by a smooth function y(x), the
vertical displacement of the string at horizontal position . The action is a functional of the
height y(x,t), where the coordinate along the string, x, and time, ¢, are the two independent
variables. Consider a differential element of the string extending from z to x + dx. The
change in length relative to the unstretched (y = 0) configuration is

2
dl = \/dz? + dy? — dx ~ ;(gi) dx . (4.5)

The differential potential energy is then

dU = r(z)dl = 1 7(z) y*(z) dz . (4.6)
The differential kinetic energy is simply

dT = L pu(z) 9?(x) dx . (4.7)
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Thus, the Lagrangian density is

£ = lu) @?Z)Q ~ Lr(o) (gg)z , (48)

! As an example of a string with a position-dependent tension, consider a string of length £ freely suspended
from one end at z = 0 in a gravitational field. The tension is then 7(z) = ug(¢ — z).




whence the Euler-Lagrange equations are
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where ¢/ = % and § = §/. When 7 and p are constant, we obtain uj = 7y”, which is

the Helmholtz equation. We’ve assumed boundary conditions where y(zq,t) = dy(x,,t) =

dy(x,ta) = 0y(x,t,) = 0.
The Lagrangian density for an electromagnetic field with sources is

L= F, FM — J, Al (4.10)

The equations of motion are then
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which are Maxwell’s equations.

4.1.1 Conserved Currents in Field Theory

Recall the result of Noether’s theorem for mechanical systems:
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where 7, = 7»(q,() is a one-parameter ({) family of transformations of the generalized
coordinates which leaves L invariant. We generalize to field theory by replacing

45 (t) — do(x,1) (4.13)
where {¢q(x, 1)} are a set of fields, which are functions of the independent variables {x, y, z, t}.

We will adopt covariant relativistic notation and write for four-vector z# = (ct, x, vy, z). The
generalization of dQ/dt = 0 is
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where there is an implied sum on both x4 and a. We can write this as 9, J* = 0, where

=0, (4.14)
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We call Q = J°/c the total charge. If we assume J = 0 at the spatial boundaries of our
system, then integrating the conservation law d,, J# over the spatial region {2 gives

aQ _

= d*x 0y J° = /d%V-J:—y{dZﬁ-Jzo, (4.16)
Q
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assuming J = 0 at the boundary 0f2.
As an example, consider the case of a complex scalar field, with Lagrangian density?

L, 07,00, ™) = 5K (9u")(0"9) — U (")) . (4.17)
This is invariant under the transformation ¢ — €% ¢, 1* — e~ ¢*. Thus,
8C—ze W , ac e "t (4.18)
and, summing over both ¥ and ¥* fields, we have
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The potential, which depends on [t/|?, is independent of . Hence, this form of conserved
4-current is valid for an entire class of potentials.

4.1.2 Gross-Pitaevskii Model

As one final example of a field theory, consider the Gross-Pitaevskii model, with

h2
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This describes a Bose fluid with repulsive short-ranged interactions. Here ¢ (x,t) is again
a complex scalar field, and ¢* is its complex conjugate. Using the Leibniz rule, we have

SS[Y*, ] = S[Y* + 6¢*, ¢ + 59
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[ n%f+ h—VQ 2g ([v]* — ng) ¥ }&p*} , (4.21)

2We raise and lower indices using the Minkowski metric G = diag (+,—, —, —).



where we have integrated by parts where necessary and discarded the boundary terms.
Extremizing S[¢*, 1] therefore results in the nonlinear Schridinger equation (NLSE),
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as well as its complex conjugate,
. 3¢* _ h2 2 % 2 *
—ih = =5V + 29 (|¢]* = ng) ¥* . (4.23)

Note that these equations are indeed the Euler-Lagrange equations:
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and
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we recover the NLSE and its conjugate.
The Gross-Pitaevskii model also possesses a U(1) invariance, under
P(x,t) — Pz, t) = S P(x,t) , (@, t) — P (@, t) = e TSP, t) . (4.28)
Thus, the conserved Noether current is then
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Dividing out by £, taking J° = —hp and J = —hj, we obtain the continuity equation,

dp .
a—i—V-J—O, (4.31)

where
p=lP . i= o (V" Vi — V™) . (4.32)
2im
are the particle density and the particle current, respectively.

3In the nonrelativistic case, there is no utility in defining z° = ct, so we simply define 2° = .



4.2 Strings

The action for the string is
T,
S = [ao fat Lt i) (4.33)
Ta ta

where y(z,t) is the vertical displacement field. Typically, we have £ = % py? — %Ty’ 2. The
first variation of S is
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which simply recapitulates the general result from eqn. 4.2. There are two boundary
terms, one of which is an integral over time and the other an integral over space. The first
boundary term vanishes provided dy(z,t,) = dy(x,t,) = 0. The second boundary term
vanishes provided 7(z) ¢/ (z) dy(xz) = 0 at © = x, and = = x;, for all t. Assuming 7(x) does
not vanish, this can happen in one of two ways: at each endpoint either y(x) is fixed or
y'(x) vanishes.

We’ve already found the Euler-Lagrange equation,
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When 7(z) = 7 and p(z) = p are both constants, we obtain the Helmholtz equation,
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which is the wave equation for the string, where ¢ = y/7/u has dimensions of velocity. We
will now see that ¢ is the speed of wave propagation on the string.

4.2.1 D’Alambert’s Solution to the Wave Equation

Let us define two new variables,

u=x—ct ) v=x+ct. (4.38)
We then have
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Thus,
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Thus, the wave equation may be solved:
Vo = ylue) = )+ g00) (1)
au 8’1} - y 9 - g 9 .

where f(u) and g(v) are arbitrary functions. For the moment, we work with an infinite
string, so we have no spatial boundary conditions to satisfy. Note that f(u) describes a
right-moving disturbance, and g(v) describes a left-moving disturbance:

y(x,t) = f(z —ct) + g(x +ct) . (4.43)

We do, however, have boundary conditions in time. At ¢ = 0, the configuration of the
string is given by y(x,0), and its instantaneous vertical velocity is y(x,0). We then have

y(z,0) = f(z) + g(z) (4.44)
y(z,0) = —c f'(z) + cd (), (4.45)
hence
f'(a) = 59/ (2,0) — 5, 9(x,0) (4.46)
g (2) =539 (2,0) + 5:9(=,0) , (4.47)

and integrating we obtain the right and left moving components
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9(&) = 3 y(€,0) + 5. [d€' y(€',0) + C (4.49)
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where C is an arbitrary constant. Adding these together, we obtain the full solution

x+ct
y(z,t) = 3 [y(ac —ct,0) + y(z + ct, 0)} + ;C/dg y(€,0) , (4.50)

T—ct

valid for all times.

4.2.2 Reflection at an Interface

Consider a semi-infinite string on the interval [0, oo], with y(0,¢) = 0. We can still invoke
D’Alambert’s solution, y(z,t) = f(xz — ct) + g(x + ct), but we must demand

y(0,8) = f(—ct) +g(ct) =0 = f(§) = —g(=¢) . (4.51)
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Figure 4.2: Reflection of a pulse at an interface at = = 0, with y(0,¢) = 0.

Thus,
y(x,t) = g(ct +x) — glct — x) . (4.52)

Now suppose g(£) describes a pulse, and is nonzero only within a neighborhood of £ = 0.
For large negative values of ¢, the right-moving part, —g(ct — z), is negligible everywhere,
since > 0 means that the argument ct — x is always large and negative. On the other
hand, the left moving part g(ct + x) is nonzero for x ~ —ct > 0. Thus, for t < 0 we have
a left-moving pulse incident from the right. For ¢t > 0, the situation is reversed, and the
left-moving component is negligible, and we have a right moving reflected wave. However,
the minus sign in eqn. 4.51 means that the reflected wave is inverted.

If instead of fixing the endpoint at x = 0 we attach this end of the string to a massless
ring which frictionlessly slides up and down a vertical post, then we must have 3'(0,¢) = 0,
else there is a finite vertical force on the massless ring, resulting in infinite acceleration. We
again write y(x,t) = f(x — ct) + g(z + ct), and we invoke

y'(0,t) = f'(=ct) +g'(ct) = [f'(§)=-9(=¢), (4.53)
which, upon integration, yields f(§) = g(—¢), and therefore
y(x,t) = g(ct +x) + glct — x) . (4.54)

The reflected pulse is now ‘right-side up’, in contrast to the situation with a fixed endpoint.
Next, consider the case depicted in Fig. 4.4, where a point mass m is affixed to an
infinite string at * = 0. Let us suppose that at large negative values of ¢, a right moving
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Figure 4.3: Reflection of a pulse at an interface at = = 0, with y'(0,¢) = 0.
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Figure 4.4: Reflection and transmission at an impurity. A point mass m is affixed to an
infinite string at © = 0.

wave f(ct — x) is incident from the left. The full solution may then be written as a sum of
incident, reflected, and transmitted waves:

x<0 : ylx,t)= f(ct—x)+g(ct+x) (4.55)
x>0 : ylx,t)="h(ct—1). (4.56)

At x = 0, we invoke Newton’s second Law, F' = ma:
mij(0,t) =79 (07,¢) — 79/ (07,1) . (4.57)

Any discontinuity in the derivative y/(z,t) at x = 0 results in an acceleration of the
point mass. Note that

SO0 = —f(e)+(ct) 0%t = —H(ct) (4.58)
Further invoking continuity at z = 0, i.e. y(0~,t) = y{0*,t), we have

h(§) = f(&) +9(&) (4.59)
and eqn. 4.57 becomes
2r
me2?

g"(&) + (&) =—1") - (4.60)

We solve this equation by Fourier analysis:

Q= [sriwet . fw = [aereet. (161)
Defining x = 27/mc? = 2u/m, we have
[ — K +irk] (k) = k* f(k) . (4.62)



We then have

() =~ (k) = r(k) ) (4.6
R = U (k) = (k) F(B) (4.64)

where r(k) and ¢(k) are the reflection and transmission amplitudes, respectively. Note that

t(k)=1+r(k) . (4.65)
In real space, we have
rdk .o
he) = [ otk Fr) (1.66)
T
= / d¢' [ / ;Lk t(k) e“““’)] £(€) (4.67)
T
= faeTe-) 1), (468)
where -
/ E oy ik (E=€)
TE-8)= [ -tk)e 7 (4.69)
27
is the transmission kernel in real space. For our example with r(k) = —ik/(k — ik), the

integral is done easily using the method of contour integration:

T(E-¢) = % k__“;",i ) — e oe - ) . (4.70)
Therefore,
3
) = [a' e p(¢) (4.71)

and of course g(§) = h(&) — f(£). Note that m = oo means x = 0, in which case r(k) = —1
and t(k) = 0. Thus we recover the inversion of the pulse shape under reflection found

earlier.
For example, let the incident pulse shape be f(§) = b@(a — |§|) Then

¢
h(€) = m/d{’ e pO(a— ) O(a+ &)

— 00

—=be " [e”min(a’é) — e*m} O +a). (4.72)
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Figure 4.5: Reflection and transmission of a square wave pulse by a point mass at x = 0
The configuration of the string is shown for six different times, for ka = 0.5 (left panel)
and xa = 5.0 (right panel). Note that the ka = 0.5 case, which corresponds to a large mass
m = 2u/k, results in strong reflection with inversion, and weak transmission. For large &,
corresponding to small mass m, the reflection is weak and the transmission is strong.

Taking cases,
0 if ¢ < —a
h(€) = b (1 - e_”(“"'f)) if —a<é<a (4.73)
20 e "¢ sinh(ka) if € >a .

In Fig. 4.5 we show the reflection and transmission of this square pulse for two different
values of ka.

4.2.3 Finite Strings

Suppose z, = 0 and x, = L are the boundaries of the string, where y(0,t) = y(L,t) = 0.
Again we write
y(x,t) = f(z —ct) + glx +ct) . (4.74)

Applying the boundary condition at z, = 0 gives, as earlier,

y(x,t) = g(ct +x) — glct —x) . (4.75)

11



Next, we apply the boundary condition at x; = L, which results in
glet+ L) —g(ct—L)=0 = g(&)=g(E+2L). (4.76)
Thus, ¢g(§) is periodic, with period 2L. Any such function may be written as a Fourier sum,

0= {An cos <”§5> + B, sin (”25> } | (4.77)

n=1

The full solution for y(x,t) is then
y(a,t) = glct +x) — g(ct — x)

2 1/2 oo nmwx nmct nmct
= <L> Zsin <L> A, cos ( T ) + B, sin ( T ) ) (4.78)
K —1

n

where A, = /2uL A, and B,, = \/2uL B,,. This is known as Bernoulli’s solution.
We define the functions

2 1/2 nmwT
We also write R nie
kn=—F » wpn=—7 , n=L123,...,00. (4.80)

Thus, ¥, (z) = \/2/pL sin(k,z) has (n + 1) nodes at = jL/n, for j € {0,...,n}. Note
that

L
() = [ o 0 (0) 00 (0) = B (4.81)
Furthermore, this basis is complete: ’
p i U (@) (7)) = b(z —a) . (4.82)
Our general solution is thusne_qluivalent to

y(x,0) = i A, ¥, (x) (4.83)

n=1
§(x,0) = i % B, v, () . (4.84)

n=1

The Fourier coefficients {4,,, B,,} may be extracted from the initial data using the orthonor-
mality of the basis functions and their associated resolution of unity:

L
J%Z/WM%@M@W (4.85)
OL ;

0
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As an example, suppose our initial configuration is a triangle, with

2y if0<z<3L
(L -z) ifiL<a<L,

and ¢(x,0) = 0. Then B, = 0 for all n, while

2u\"? 2 e /

e 2b . ((nmx N (nm

A"_<L> L{/dx:USln(L>+/d:U(L x)sm(L >}
0

L/2

4b
= (2/LL)1/2 . W S1n (%nﬂ') 5n,0dd . (488)

Another way to write this is to separately give the results for even and odd coefficients:

4b
2k+1 = 2

1

Ay = A -
x=0 (2k +1)?

(2uL)'/? . (4.89)

Note that each vy, (x) = —th,, (L — x) is antisymmetric about the midpoint z = 3L, for
all k. Since our initial conditions are that y(z,0) is symmetric about x = %L, none of the
even order eigenfunctions can enter into the expansion, precisely as we have found. The
D’Alambert solution to this problem is particularly simple and is shown in Fig. 4.6. Note
that g(z) = 2y(z,0) must be extended to the entire real line. We know that g(z) = g(z+2L)
is periodic with spatial period 2L, but how to we extend g(z) from the interval [0, L] to
the interval [ — L,0]? To do this, we use y(z,0) = g(z) — g(—z), which says that g(z) must
be antisymmetric, i.e. g(x) = —g(—x). Equivalently, y(x,0) = ¢¢’(x) — c¢g’(—x) = 0, which
integrates to g(z) = —g(—x).

/\ C C
- —_—
m . °
t=0

t=1L/2c

t=1L/c

Figure 4.6: Evolution of a string with fixed ends starting from an isosceles triangle shape.

13



4.2.4 Sturm-Liouville Theory

Consider the Lagrangian density

£=5n@) i - 5(@)y” - jo(@)y’ . (4.90)

The last term is new and has the physical interpretation of a harmonic potential which
attracts the string to the line y = 0. The Euler-Lagrange equations are then

9
ox

Oy

@) 52| + oty = ) G (191)

This equation is invariant under time translation. Thus, if y(z,t) is a solution, then so is
y(x,t + 1), for any t,. This means that the solutions can be chosen to be eigenstates of

the operator d,, which is to say y(z,t) = 1(z) e*?. Because the coefficients are real, both
y and y* are solutions, and taking linear combinations we have

y(z,t) = (x) cos(wt + @) . (4.92)
Plugging this into eqn. 4.91, we obtain

d

— 2 [r@) 0 @)] + o) pla) = o ple) () (4.03)

This is the Sturm-Liouville equation. There are four types of boundary conditions that we
shall consider:

1. Fixed endpoint: ¢(z) = 0, where z =z, ;.

2. Natural: 7(x)¢'(z) = 0, where z =z, .

3. Periodic: 9 (x) = (v + L), where L = x, — x,,.

4. Mixed homogeneous: a¢(z) + B¢'(x) = 0, where z = ;.

The Sturm-Liouville equation is an eigenvalue equation. The eigenfunctions {v,,(z)}

satisfy

Now suppose we a second solution ,, (), satisfying

4
dzx

Now multiply (4.94)* by v, (x) and (4.95) by ¥} (z) and subtract, yielding

|7(@) ¥ (@)] + 0(@) G () = W 1(@) () (4.95)

U [r] = [r ] = (i — ) b (1.96)

= et =] (4.97)
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We integrate this equation over the length of the string, to get

Ty

(w2 = ) [ (o) 5 0) () = [r(0) 030 U1 () = 7(2) 3 0) 0 )]

Ta

T=xq

T=Ip
=0. (4.98)

The RHS vanishes for any of the four types of boundary conditions articulated above.
Thus, we have

(wi? = w) (Wultom) =0, (4.99)
where the inner product is defined as

Ty

(0]6) = [dopt) v (@) 6(0) (4.100)

Ta

Note that the distribution p(z) is non-negative definite. Setting m = n, we have <1/Jn‘wn> >
0, and hence w’? = w2, which says that w? € R. When w2, # w2, the eigenfunctions
are orthogonal with respect to the above inner product. In the case of degeneracies, we
may invoke the Gram-Schmidt procedure, which orthogonalizes the eigenfunctions within a
given degenerate subspace. Since the Sturm-Liouville equation is linear, we may normalize
the eigenfunctions, taking

(o |tn) = G- (4.101)

Finally, since the coefficients in the Sturm-Liouville equation are all real, we can and hence-
forth do choose the eigenfunctions themselves to be real.

4.2.5 Green’s Functions

Suppose we add a forcing term,

2 .
) Gt = 5|70 52|+ wt0ry = Reute) fla)e ] (4.102)
We write the solution as
y(z,t) = Re [y(x) e_i“’t} , (4.103)
where
|0 22| ) - P ) ne) = ) ) (w0
K = w?u(@)] yl@) = ple) f() | (4.105)

where K is a differential operator,

K=—-——r1(z) — +v(x) . (4.106)
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Note that the eigenfunctions of K are the {¢,(z)}:

K, (x) = wy, p(z) ¢, () - (4.107)

The formal solution to equation 4.105 is then

vo) = [K -] ua) @) (1108)
= /da:’u(m') G (z,2) f(2'). (4.109)

What do we mean by the term in brackets? If we define the Green’s function
—1
G (z,7) = [K - wQM} : (4.110)

x,x’

what this means is
K — wz,u(ac)} G, (x,2")=6(x—1'). (4.111)

Note that the Green’s function may be expanded in terms of the (real) eigenfunctions, as
Yn(x) Yn(a)
G (z,2) =) ﬁ , (4.112)
n n
which follows from completeness of the eigenfunctions:
o0
@) Y (@) (a') = 6z — ') . (4.113)
n=1

The expansion in eqn. 4.112 is formally exact, but difficult to implement, since it requires
summing over an infinite set of eigenfunctions. It is more practical to construct the Green’s
function from solutions to the homogeneous Sturm Liouville equation, as follows. When
x # 7', we have that (K — w?u) Gy, (z,2") = 0, which is a homogeneous ODE of degree two.
Consider first the interval z € [z,, 2']. A second order homogeneous ODE has two solutions,
and further invoking the boundary condition at x = x4, there is a unique solution, up to
a multiplicative constant. Call this solution y, (x). Next, consider the interval z € [2/,z;].
Once again, there is a unique solution to the homogeneous Sturm-Liouville equation, up
to a multiplicative constant, which satisfies the boundary condition at x = z;,. Call this
solution y,(z). We then can write

Al )y (x) if zqg <z <o
(m 7)) = (4.114)
B(x')yy(x) if 2’ <z <uxy.

G

Here, A(2z') and B(z') are undetermined functions. We now invoke the inhomogeneous
Sturm-Liouville equation,

d [T @ dGy(z,2')

_% I :| —i—v(x) Gw(x,x/) . w2u(a:),Gw(x,x') _ (5(I . x/) ' (4.115)
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We integrate this from z = 2’ — € to x = 2’ + ¢, where ¢ is a positive infinitesimal. This
yields

(o)A@ 41 (@) = B@) ghla)] =1 (1.116)
Continuity of Gy (z, ') itself demands
A(x") yy (@) = B(a') yy (') . (4.117)

Solving these two equations for A(2’) and B(z'), we obtain

no_ y2(z') 2 = — y1(z)
Alz) = () Wy, y, (') ’ B(@) 7(2) Wy, , (') ’ (4.118)

where W, . () is the Wronskian

y(z)  yo()
W,

Y15Y2

(x) = det
yi(x) yy(x)
= y1(x) ya(2) — yo(x) ) () - (4.119)

Now it is easy to show that W, , (x)7(z) =W is a constant. This follows from the fact
that

0=y, Kyy —ys Ky

— @ -]} (4.120)

Thus, we have
—yp (@) yo ()W if g <z <2’

(@,2) = (4.121)
—y (@) yo(x)/W i 2’ <z <,

or, in compact form,

Gz, a') = —yl(xj/)vyf(%) , (4.122)

where z_ = min(z,z’) and z = max(z,z’).
As an example, consider a uniform string (i.e. u and 7 constant, v = 0) with fixed
endpoints at z, = 0 and z, = L. The normalized eigenfunctions are

Up(z) = \/MTL sin (T) : (4.123)

and the eigenvalues are w,, = nmwc/L. The Green’s function is

G, (

2 i sin(nmx/L) sin(nwa’/L)

4.124
o(2,@ " ul (nme/L)? — w? ( )

n=
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Now construct the homogeneous solutions:

. wx
(K-ahm=0 . nO=0 = ) =sin(2) (4.125)
. (w(llL—=z
(K—w’m)ys =0 , 3(L)=0 = yy(z)=sin <<C)) : (4.126)
The Wronskian is I
W =y1ys — Yoyh = —% sin (wc> : (4.127)

Therefore, the Green’s function is

sin (wz_ /¢) sin (w(L — z4)/c) '

¢ (wt/c) sin(wL/c)

(z,2) = (4.128)

w

4.2.6 Perturbation Theory for the Green’s Function

Suppose we have solved for the Green’s function for the linear operator K and mass density
to(x). Le. we have
(K, — wZMO(:c)) GO (x,2') = 6(x — ') . (4.129)

We now imagine perturbing 7, — 75+ A7y, vy — vy + Avq, g — g + Ay What is the new
Green’s function G ,(z,2")? We must solve

(Lo + ALy) G (z,2") = 6(z — 2) , (4.130)

where
LY = Ky — w? g (4.131)
Ll =K, — Wy, . (4.132)

Dropping the w subscript for simplicity, the full Green’s function is then given by

- -1
G, = |15+ L]

w

=@t ey

- -1
=140 L] Gl
=G NG LG + NGO LLGO LGl 4 (4.133)

The ‘matrix multiplication’ is of course a convolution, i.e.
xp
G (z,2") = G%(z,2') — )\/dxl G (z, 1) L, (21, %1) G(zy,2')+... . (4.134)

Za

Each term in the perturbation expansion of eqn. 4.133 may be represented by a diagram,
as depicted in Fig. 4.7.

18



€T T } T ' Y fl
—-=e0 - G, (v2) — = ) o= ALl (e, )

o diry
Figure 4.7: Diagrammatic representation of the perturbation expansion in eqn. 4.133..
As an example, consider a string with z, = 0 and z, = L with a mass point m affixed

at the point = d. Thus, u;(z) = m§(z — d), and L}, = —mw? §(x — d), with A = 1. The
perturbation expansion gives

Go(z,2') = GO (z,2") + mw? G2 (x,d) G°(d, ') + m*w* G° (x,d) G°(d,d) G°(d,z') + ...
2 0 0 /
0 no mw? G (x,d) G (d, )
= Al(ea!) + T S (4.135)

Note that the eigenfunction expansion,
() Yn(2')
Gw(x,svl) = Z ﬁ s (4136)
n n

says that the exact eigenfrequencies are poles of G (x, '), and furthermore the residue at

each pole is

Res G (2,2") = ——— o (2) Yn(z’) . (4.137)

W=w, an

According to eqn. 4.135, the poles of G (z, ') are located at solutions to*
mw? GO (d,d) =1 . (4.138)

For simplicity let us set d = %L, so the mass point is in the middle of the string. Then
according to eqn. 4.128,

B sin?(wL/2c)
G (5L, 5L) = (wt/c) sin(wL/c)
B ﬁ o <C;f> ' (4.139)

4Note in particular that there is no longer any divergence at the location of the original poles of G2 (z, z').
These poles are cancelled.
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The eigenvalue equation is therefore

wlL 2T
t b ’ 4.140
o ( 2c > mwc ( )
which can be manipulated to yield
% A= ctn\, (4.141)

where A = wL/2¢ and M = uL is the total mass of the string. When m = 0, the LHS
vanishes, and the roots lie at A = (n + %)ﬂ', which gives w = wy,, ;. Why don’t we see the
poles at the even mode eigenfrequencies w,,,? The answer is that these poles are present
in the Green’s function. They do not cancel for d = %L because the perturbation does
not couple to the even modes, which all have 1, ( %L) = 0. The case of general d may be
instructive in this regard. One finds the eigenvalue equation

sin(2\) m
= — 4.142
2\ sin (2eA) sin (2(1 —e)\) M’ ( )
where € = d/L. Now setting m = 0 we recover 2\ = nm, which says w = w,,, and all the
modes are recovered.
4.2.7 Perturbation Theory for Eigenvalues and Eigenfunctions
We wish to solve
(Ko +AKy) ¢ = w? (1o + M) ¢ (4.143)
which is equivalent to
Lo = —ALL v . (4.144)
Multiplying by (ng)f1 = GY on the left, we have
Tp
Y(z) = =\ / da’ G (z,2") LL ¢ (2) (4.145)
E @) [
m (T
=1 T / da’ b, (') LL p(z') . (4.146)
m=1 m Ta
We are free to choose any normalization we like for ¢)(z). We choose
Tp
which entails
Tp
w?— Wk = )\/da: V() LY ap(x) (4.148)
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as well as

fk(xa),z /dw'wk(m’) Ly, 9(a') . (4.149)

x) = )+ A
$@) = @) 2D 5T
(k#n) Za
By expanding ¢ and w? in powers of )\, we can develop an order by order perturbation
series.

To lowest order, we have

Zp

w? = w2 + )\/dm W, () Lijnzpn(x) . (4.150)
For the case L}, = —mw? §(x — d), we have
ow 1 2
T L[ (d
w, 2 [tn(d)]
B YELIC
=~ sin ( : ) . (4.151)

For d = %L, only the odd n modes are affected, as the even n modes have a node at z = %L.

Carried out to second order, one obtains for the eigenvalues,
y
2 _ 2 1
S =k 4 A [do, (&) LL, (o)
Ta

J2rde (o) L, )|

+ A2 Zk: . +O(N)
(k#£n)
-\ / da 1, (x) L, () / da! iy (2') [, (2)] "+ OOF) . (4.152)

4.2.8 Variational Method

Consider the functional

b Jin {rlo)0") +00) 020}

w? [(z)] = o EJZ\)/ . (4.153)
3 Jdw p(z) V2 (2)
The variation is
N ND
=5
SN — w2 6D
- - (4.154)
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Thus,
swr=0 — SN = w? oD, (4.155)

which says

d di(z)
Cdx [T(x) dz

which is the Sturm-Lioiuville equation. In obtaining this equation, we have dropped a
boundary term, which is correct provided

} T () pla) = o ple) (a) | (4.156)

[r@) @ v@)] " =0 (4.157)
T=xq

This condition is satisfied for any of the first three classes of boundary conditions: 1 = 0

(fixed endpoint), 74" = 0 (natural), or 9 (za) = 9 (x,), ¥'(xa) = ¢'(z,) (periodic). For

the fourth class of boundary conditions, ay + 8¢’ = 0 (mixed homogeneous), the Sturm-

Liouville equation may still be derived, provided one uses a slightly different functional,

with N =N+ % [7() 63 (w,) — 7(wa) ¥R (w)| . (4158)

Q| =

w?[y(2)] =

since then

SN =N 6D = [dx { - % |:’7'(l’) dﬁf) } + v(z) Y(z) — w?u(z) w(aﬁ)} op(x)

Ta
$:$b

n T<x>(w'<x>+%<x>) w(x)] , (4.159)

g

T=xq

and the last term vanishes as a result of the boundary conditions.
For all four classes of boundary conditions we may write

K
Jazp(@) [~ (@) -+ o(@)] p()
2 24
w?[¢h(z)] = = (4.160)
iz pa) 2 (z)

Za

If we expand ¢ (z) in the basis of eigenfunctions of the Sturm-Liouville operator K,

b(x) =) Cptbn(2) (4.161)
n=1
we obtain S 02,2
2 2 j=11%1"%j
wYP(x)]| =w(C1y...,C0) = = (4.162)
) S IG P
If w? <w? < ..., then we see that w? > w?, so an arbitrary function () will always yield

an upper bound to the lowest eigenvalue.
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As an example, consider a violin string (v = 0) with a mass m affixed in the center. We
write p(z) = 4+ md(z — £ L), hence

Tf dz "% (x)
Wp(z)] = 0 - (4.163)
my2(3L) + uofdw P2(x)

Now consider a trial function

Ax® if 0<x< %L
Y(x) = (4.164)
AL—x)* if sL<z<L.

DO

The functional w? [w(x)] now becomes an ordinary function of the trial parameter «, with

W (o) =

L/2; . 2 2a-2 2 2
2 d 2 2 1
T [y dr ot x :<c>.(2 a’(2a+1) (4.165)

L/2 L — D1+ Qa+1)2]
m (L0 420 do s @D+ )

where M = pL is the mass of the string alone. We minimize w?(a) to obtain the optimal
solution of this form:

2
‘iliazo — 4a2—2a—1+(2a+1)2(a—1)%=o. (4.166)

For m/M — 0, we obtain a = %(1 + \/5) ~ 0.809. The variational estimate for the
eigenvalue is then 6.00% larger than the exact answer w{ = m¢/L. In the opposite limit,
m/M — oo, the inertia of the string may be neglected. The normal mode is then piecewise
linear, in the shape of an isosceles triangle with base L and height y. The equation of
motion is then mjj = —27 - (y/1L), assuming |y/L| < 1. Thus, w; = (2¢/L)+/M/m. This
is reproduced exactly by the variational solution, for which & — 1 as m/M — cc.

4.2.9 Energy Density and Energy Current

The Hamiltonian density for a string is

H=1y—- L, (4.167)
where or
T ="=—=u1 4.168
95 ~ MY (4.168)
is the momentum density. Thus,
H = 2 + 57 y’ (4.169)
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Figure 4.8: One-parameter variational solution for a string with a mass m affixed at x = 5 L.

Expressed in terms of y rather than I7, this is the energy density &,

E=1np?+3iry”?.
We now evaluate & for a solution to the equations of motion:

of _ Oy Oy Oy
ot Mot o T oz dtox

oy 9 ([ 0 oy 02
y<y>+ y 0%

"ot 0z\" 0z ) "7 oz ot ox
_ 0| 9y 9yl _  Jje
- Ox T@x otl— o0z’

where the energy current density (or energy flux) is

(4.170)

(4.171)

(4.172)

(4.173)

. Oy Oy
=—T==.
Je oz Ot
We therefore have that solutions of the equation of motion also obey the energy continuity
equation
o Jj
ot Oz

24



Let us integrate the above equation between points z; and z,. We obtain
0 t
a /dazé’ €z, t /d jé'a(x ) j5($17t) _jg(l‘%t) ’ (4174)
x

which says that the time rate of change of the energy contained in the interval [xl, :c2] is
equal to the difference between the entering and exiting energy flux.
When 7(x) = 7 and p(x) = pu, we have

y(x,t) = f(z —ct) + g(x + ct) (4.175)

and we find
je(z,t) =cr[f'(z — ct)]2 —cr|g (= + ct)]2 , (4.176)

which is a sum of rightward and leftward directed energy fluxes.

4.3 Continua in higher dimensions

In higher dimensions, we generalize the operator K as follows:

0 0

The eigenvalue equation is again
Ki(@) = o (@) v(@) | (4.178)
and the Green’s function again satisfies
K —w? ,u(ac)} G (z,x')=d(x—2), (4.179)
and has the eigenfunction expansion,
o !
Wz —w
n=1 n

The eigenfunctions form a complete and orthonormal basis:
Z U, ()Y, (') = 6(x — ) (4.181)

/ 0 () () (@) = By (4.182)

Q
where 2 is the region of space in which the continuous medium exists. For purposes of

simplicity, we consider here fixed boundary conditions u(x,t) ‘ o = 0, where 042 is the
boundary of €2. The general solution to the wave equation

2
[u(a:) é)at? - 8?‘3‘ Tap(T) 55 +v(x)| u(zx,t) =0 (4.183)
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is
ZC ¥, (x) cos(w, t +d,,) . (4.184)

The variational approach generahzes as well. We define

Ni(x)] =/d [aﬁ acw gd) +ve? (4.185)
Q
D[y(z)] = /d:c,u¢2 , (4.186)
Q
and N
W2 [ih(x)] = M . (4.187)

Setting the variation éw? = 0 recovers the eigenvalue equation K1 = w?p ).
g g H

4.4 Membranes

Consider a surface where the height z is a function of the lateral coordinates z and y:
z=u(z,y) . (4.188)
The equation of the surface is then
F(z,y,2) =z —u(z,y) =0. (4.189)

Let the differential element of surface area be dS. The projection of this element onto the
(z,y) plane is

dA = dx dy
=n-2dS . (4.190)
The unit normal n is given by
F 5
Ao Vb ZZVu (4.191)
[VE[ 1+ (Vu)?

Thus,

d
is = Y _ T VR dedy . (4.192)

The potential energy for a deformed surface can take many forms. In the case we shall
consider here, we consider only the effect of surface tension o, and we write the potential
energy functional as

U[u(x,y,t)] = J/dS

:UO+§/dA(Vu)2+... . (4.193)
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The kinetic energy functional is

Tlu(z,y,1)] = 1 /dA (@) (D)2 . (4.194)
Thus, the action is

Slu(z, t)] :/d L(u, Vu,du,x) , (4.195)
where the Lagrangian density is

£ = Lu(@) (0u) - Lo(@) (Vu)?, (4.196)

where here we have allowed both p(x) and o(x) to depend on the spatial coordinates. The
equations of motion are

0 oL N oL oL
ataatu "OVu Ou

- at2 - { } . (4.198)

4.4.1 Helmholtz Equation

0=

(4.197)

When p and o are each constant, we obtain the Helmholtz equation:

, 102
V- S | uet) =0, (4.199)

with ¢ = y/o/pu. The D’Alambert solution still works — waves of arbitrary shape can
propagate in a fixed direction k:

u(x,t) = f(k-x—ct) . (4.200)

This is called a plane wave because the three dimensional generalization of this wave has
wavefronts which are planes. In our case, it might better be called a line wave, but people
will look at you funny if you say that, so we’ll stick with plane wave. Note that the locus
of points of constant f satisfies

o(x,t) = k-x — ct = constant , (4.201)
and setting d¢ = 0 gives
i 9T _ (4.202)
a0 '

which means that the velocity along k is c. The component of x perpendicular to k is
arbitrary, hence the regions of constant ¢ correspond to lines which are orthogonal to k.

Owing to the linearity of the wave equation, we can construct arbitrary superpositions
of plane waves. The most general solution is written

ko; i(k-x—c i(k-x+c
(@, t) = /W [A(k) b2k 4 (k) e sek] (4.203)

The first term in the bracket on the RHS corresponds to a plane wave moving in the +k
direction, and the second term to a plane wave moving in the —k direction.
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4.4.2 Rectangles

Consider a rectangular membrane where z € [0,a] and y € [0, b], and subject to the bound-
ary conditions u(0,y) = u(a,y) = u(z,0) = u(x,b) = 0. We try a solution of the form

u(z,y,t) = X(z)Y(y)T(t) . (4.204)

This technique is known as separation of variables. Dividing the Helmholtz equation by
then gives
19°X  19% 1167
X022 Yo 2T o
The first term on the LHS depends only on . The second term on the LHS depends only
on y. The RHS depends only on ¢. Therefore, each of these terms must individually be
constant. We write

(4.205)

1 9°X 1 0% 1 97T
94 2 T 2 — T =2 4.206
X 922 T Yy v oo T Y (4.206)
with
2 g2 4.207
k =—. .
K=Y (4.207)
Thus, w = *c|k|. The most general solution is then
X(x) = A cos(k,z) + Bsin(k,x) (4.208)
Y (y) = C cos(k,y) + Dsin(k,y) (4.209)
T(t) = E cos(wt) + Bsin(wt) . (4.210)
The boundary conditions now demand
A=0 , C=0 , sin(ka)=0 , sin(kb)=0. (4.211)

Thus, the most general solution subject to the boundary conditions is

o) =SS AL Sm(mwx) sin(m;y> c08 (Wynt + Oy (4.212)

a
m=1n=1

a2 (5

For a circular membrane, such as a drumhead, it is convenient to work in two-dimensional
polar coordinates (7, ). The Laplacian is then

where

4.4.3 Circles

o 10 9 1 &

= - —_— = — . 4.214
TaTT8T+T28QO2 ( )
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We seek a solution to the Helmholtz equation which satisfies the boundary conditions u(r =
a, p,t) = 0. Once again, we invoke the separation of variables method, writing

ulr,@.1) = R(r) ®() T(1) | (4.215)
resulting in
11 116 1106°T
——2 ra—R —i———a—:——a—. (4.216)
Rr or\  Or r2 ® 9p?2 2T o2
The azimuthal and temporal functions are
B(p) =™ | T(t) = cos(wt +9) , (4.217)
where m is an integer in order that the function u(r,¢,t) be single-valued. The radial
equation is then
0’R  10R w2  m?
ek Rl = 2 =0. 4.21
or2  ror <c2 r2 )R 0 (4.218)
This is Bessel’s equation, with solution
(4.219)

Rir)=AJ, (%) + BNm(%> :

where J,,(2) and N,,(z) are the Bessel and Neumann functions of order m, respectively.
Since the Neumann functions diverge at » = 0, we must exclude them, setting B = 0 for

each m.
We now invoke the boundary condition u(r = a, ¢,t) = 0. This requires

Jm(w—a> —0 = wewy =T, (4.220)

c a

where J,,(z,,,) =0, i.e. x,,, is the £** zero of J,,(x). The mose general solution is therefore
(4.221)

(e r/a) cos (mp + ) cos(Wynpt + dm)

u(r, @, t) = Z Z‘Amﬁ I

m=0 ¢=1
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