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Linearized gyro-kinetics
(Received 5 December 1977)

Abstract—Finite gyroradius effects are retained in a far simpler manner than previdus treatments by
transforming to the guiding center variables and gyro-averaging before introducing magnetic coordi-
nates.

MANY INSTABILITIES of interest in present and future magnetic confinement devices depend sensitively
on finite gyroradius effects. As a result, it is important to develop techniques which simply retain finite
radius effects in complicated magnetic ficlds. When the time variation of the waves is slow
compared to the gyrofrequency and the gyroradius small compared to unperturbed scale lengths, then
gyro-kinetic techniques may be employed to retain gyro-effects for arbitrary values of the gyroradius
over the perpendicular wavelength, Unlike drift kinetic descriptions, gyro-kinetic techniques retain
finite gyroradius effects to lowest order in the equation for the perturbed or linearized distribution
function. .

The original gyro-kinetic work of RUTHERFORD and FRIEMAN (1968) and TavLor and HAsTiE
(1968) considers general geometries but employs 2 WKB or eikonal assumption for the spatial
variation of the electrostatic potential $. Later work (JaMm, 1971; Connor and Hastre, 1975; and
NEWBERGER, 1976) also employs the eikonal ansatz, with ConNnOR and HasTIE being the first to
employ a form for ¢ satisfying both poloidal and toroidal periodicity constraints }for axisymmetric
geometries with finite magnetic shear. Later work by CATTO and TsaNG {1977} attemts to remove the
WEKB assumption by employing a concentric magnetic surface model (KapomsTEV and POGUTSE, 1969
and 1967).

In all of the preceding work magnetic coordinates were introduced prior to making the transforma-
tion to the guiding center variables. It is the transformation from the particle variables to the guiding
center variables which permits finite gyroradius effects to be retained in lowest order. The present
treatment avoids the substantial mathematical complications inherent in these prior treatments by
introducing the transformation to the guiding center variables and performing the guiding center
gyrophase average before specifying the magnetic coordinates to be employed. In this way the
unperturbed, gyro-averaged Vlasov operator which retains finite gyro-cffects is obtained in the most
convenient manner for arbitrary unperturbed rmagnetic fields.

After the transformation has been performed, the magnetic coordinates can be introduced with
relative simplicity in order to obtain the appropriate gyro-averaged ©. The magnetic varizbles are only
necessary to evaluate the gyro-average of the inhomogeneous term in the linearized Vlasov equation.
In order to evaluate the inhomogenecous term a mode structure for @ is required. To illustrate the
technique to completion a Tokamak geometry is considered. A WKB or eikonal ansatz for the
POlt_Jidnl mode structure is avoided by employing a poloidal angle variable so that the poloidal
variation can be strictly Fourier decomposed (TANG et al., 1977).

A gyro-kinetic description is obtained by employing the guiding center variables R, E, p, and ¢
where the guiding center variables are related to the original particle variables r and v via

R=r;|-ﬂ“1vxﬁ,
v=yghi+ (s cos ¢ +é&sin ) =uhi+v,¥,, 1

With Ew ?(2, u = 0,%/2B, vy? =2(E~uB), v,*=[{I~##) - v, B =|B|, i =B/B, (= ZeB/Mc, v=|vl,
and the unit vectors {, &, and @ forming an orthogonal system in which &= X . The quantities Z and
are the species charge number and mass; e and ¢ are the magnitude of the charge on an clectron
and the speed of light. Unlike previous treatments, magnetic coordinates have not been explicitly
Introduced, thereby drastically simplifying the analysis that follows.
Changing to the guiding center variables, afar — &/a¢ while

2

V> V= [V ) %0] - Ve + V5T + VL @

Vo=V +{"1Ixa-Vp,
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with Vy, =v3/3E +v, B~13/3p+ v, ~%3/3¢, $=ax¥,, I the unit dyadic, and
Ve = (wyfv,)[~ (Vit) * & cos & + (Vi) - Ysin ¢+(V) - § 3)
Vi = —(wB)VB —(v vy B)(Va) - § cos & + (VA) - &sin ¢]. @)

Equations (3) and (4) are obtained by operating on -v=v, cospandé vy=v, sinpwithVand ¥,
and forming the appropriate combinations.

The unperturbed Vlasov operator in the guiding center variables is obtained from the change of
variables (1) by noting that {Ze/Mc)vyxB -V, = —(13/d¢ and ((vxi)- ({Q7xn -Vg)=~v, -V so
that

a a @ d a
—+vV+(Ze/McyxB -V, — —Q—+—~+pfi -V + -[V —+ V===V ) xy- V]
5y (Ze/MclvxB -V, — a¢arvﬂ“ rtY ¢a¢ “om Q) xv-Ve] (5)
For time variations slow compared to the gyromotion the dominant term in (5) is —{18/3¢ so that to
lowest order the variable operated on by (5), usually & portion of distribution function, must be
independent of ¢ When the quantity being operated on is independent of the guiding center
gyrophase, the unperturbed Vlasov operator may be gyro-averaged by employing v - Vgajod — 0,

(2m)™! § depvy = (v, %/2)(1 ~hih}+ v ik,

v, =—2m)" § dpfy - [V(Q18) x v] » T—dd)} = n X [(¥, 20V In B +(v/)h - V] (6)

uy= —-(2m)? § dpfv - [V i) x vl n} = — (v, 2/20)h - Vx4, e}
and (Z2w)"'§dev - Ve =0 to obtain
g Ze a
7(211')_1 § d¢[a—;+\’ Y+ (E)VXB . vu] - 5;+(q|ﬁ+ v) Vg 8)

In writing (8), the parallel velocity correction (HAZELTINE, 1973) i must be neglected because it is the
same order as the gyroradius over scale length corrections to § d¢v - Ve, The curvature and VB drifts,
v, are retained because perpendicular wavelengths are assumed small compared to paraliel
wavelengths which are of the order of unperturbed scale lengths. It should be noted that the variable
operated on by (8) is a function of R, E, and p but not ¢. Once this variable has been solved for in
terms of the guiding center location R one must revert to the original particle variable r=
R—O-lvx#, thereby introducing particle gyrophase dependence via the v=
vfi+v, (b cos ¢ +&sin ¢). Because only the lowest order ¢ dependence is needed, distinctions
between particle and guiding center gyrophase, energy, and magnetic moment are not required.

It should be noted that the gyro-kinetic technique outlined in the preceding paragraphs has not
required that the magnetic coordinates be identified before carrying out the charige of variables and
gyro-average. The magnetic coordinates need only be introduced when it becomes necessary to
evaluate the gyro-average of the inhomogeneous term in the linearized Vlasov equation. The
technique is illustrated in the following paragraphs for a Tokamak geometry.

The unperturbed distribution function F, is taken to be a function of v? and the canonical angular
momentum (— Zefc)y,, with Yo =y —(cMR/Ze), - v, such that

Fy = Folt, v3) = N M2 T (Y P2 exp [ — Mu?/2 Tldr)]

. McRaN Mv? 3
“Fm{l“-;"zma[“ﬂ(“ﬁ"a)]}’ @

with 1 =d1n Tfd In N, F,, = Fo(y, v2), and N() and T() the density and temperature as & function of
poloidal flux . The second form of {9) follows irom a Taylor expansion of F, about i, =y, and £ and
R are the toroidal angle variable and the distance from the axis of symmetry to the point of interest
(Iv¢{i=1/R).

Defining the non-adiabatic portion of the perturbed distribution function g in terms of the
perturbed distribution function f via g =f +(ZeF,/T)®, the linearized Vlasov equation may be written
as

ag Ze Ze  0®  0F,0d
28y vg s L yxB V=, 0 10
FRARA A v e LT Y to



3 _("""k *¥o)lky v and Z(£) the usual plasma dispersion function.
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Employing the gyro-kinetic variables of (1) and considcri:ig time variations slow compared to a

-period, (10) vields dg/d¢ =0 to lowest order. As a result, applying the results of the gyro-kinetic
section to the next order equation for g results in the gyro-averaged equation for g. . g
. |

8g § dé [ZeFo ad 8F, 0% ] i

S+ (i +v,) Veg=0¢ — |—— () . ——(r1)]. 11 ¥

ar T @B+ V) Vag ol T o * a0 Y (1) Y

3

In order to simplify the right-hand side of (11), the magnetic coordinates y, @, { are introduced, Tl
where —r <@ = is a poloidal angle variable. The potential ®{r, t) is assumed to be of the form d
b

o A

O, )= (272 Z de J' ded,, (k, w) exp (~iwt +ikfy + im@—ill), (12) E

Lm L 3

i
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where L is the Landau contour (above all singularities in the complex plane). Away from the magnetic
axis a change of variables from R to ¢/, @', " where Y=g+ tyxh- Vi, & =0+0"vxii- V8,
and '=¢+0lyxii-V¢ (Jammy, 1971 and NEWBERGER, 1976) gives exp ilxy+m@—1I)=
exp [i(ky’ + m® — 1) —iQ 'vyxh-k] with k=«Vy+mVO—IV{ and =4 +(cMR/Ze}, - v—
0~ Ywxi V. Expanding Foldg, v?) and aFy(dg, v¥)/ad, about o=, neglecting gyroradius over
unperturbed scale length corrections and employing (27)7 $d¢ exp(—iQ %k - vXn)=J{k, v, /) s0

that

&3-(2ﬂ)"§ dé®r, 1)

i deen ;2

=2m? ) r de. dud,, Jolk, v, /) exp (— m+:‘k¢'% im@' =il ' (13)
— 'L

Lm

=T

with k, =[x (kx#)l, then (11) becomes
3 . =ﬂ[@_£ﬂ[' (M”’_é)]ﬁ}
ar T OBV Vg == e LT\ 3 ar ) (14)

where all unperturbed quantities are functions of the primed variables.

In general (14) must be solved by integrating along the unperturbed guiding center trajectories, In
order to further illustrate the treatment of the gyromotion effects, yfi+v,; will be assumed to be
independent of ¢' and @'. This approximation is the one usually employed in evaluating the ion
response for the trapped electron and collisionless drift instabilities. For ufi+v, a constant and
neglecting the ¢ dependence of the right side of (14), g may be taken to be

i

st 4

Jrimn e g

g=02n)2 Z dx:J; dwg'y,, (k, w) exp (— ot +ikd + im@ —ill’). (15)
Lm .

Employing (13) and (15), equation (14) may be transformed to obtain

- T
(ZeFd THw wg‘ Wolk, v, /1) @, (x, @) (16)
w—k-(vh+v,)
where @, T() = (lcT1 ZeN)EN!3){ 1+ nE(Mv2/2T)—(3/2)T}. Reverting to the unprimed variables ¢, &,
{ by using (15),

Bi {6, @) =

g=2m)? ZJ’ de J’ dag, (K, @) exp (= iwt + iy + im@ = il), an
Lm oo L
“‘I':‘h &K, @)= g, "(x, w) exp (it~ 'vxfi+ k). The g from (17) is in terms of particle variables while :
tﬁ at from {15) is in terms of the guiding center variables. The gyrophase dependence exp (i} 'k - ¥X o
) in g, («, w) enters as it does when a trajectory integral over the full gyromotion is performed. Using 2
fim = —(ZeF, 4 T)®,,, +&,, to form the perturbed density n,, =§d*uf,,, and employing &, v,, oy
Variables for the velocity integrations results in

ZeN T, 1
Mom = == "m[“—‘—;k.ﬁ, ({""“’*[1""(z*b“br—n‘f’)]]z“)‘"“'*f)} 18
1]

With = (IcT/ZeN)@N3y), o2 =2TIM, T,=1,(b)exp(~b), b=k TIMO?=k 20?20, &=

en the ¢ variation of @ is slow compared to a gyroradius then k2> x? {Vy|? may be employed

. YV o)
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to expand T, about the poloidal wave vector squared, k,2mk, 2~ w2 [Vyf2. I only terms to order «?
are retained then the inverse transform form « space back to ¥ will recover the second derivatives of
O, (x, ) with respect to w because k2 — -~ 3/3y2.

In summary, the linearized, unperturbed, gyro-averaged Vlasov operator containing finite
gyroradius cffects is obtained by a substantially simpler method than previous work, the technique
transforms from the particle variabies to the guiding center variables and gyro-averages before (rather
than after) explicitly introducing the magnetic coordinates.
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