General Formulafor Error Propagation
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Experiment 1: Measure Density of Earth

« Calculate average density p and determine which elements
constitute the major portion of the earth.

 TwoO measurements
— (a) Earth’sRadiusR,. (challenging measurement)
— (b) Local acceleration of gravity g. (fairly easy)

« Use Newton’sconstant G=6.67 X 1011 N m2/kg?

« Aim for 10% or better error on p.
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|ts an experiment about optimizing measur ement
technique, error estimation, and error propagation




- What Element(s) make up the Earth

=
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Densities

rock 2.7

auminum 2.7
« Assume most of zinc 7.14
, : Iron 7.20
earth’svolumeisone nicke 8.85
dement. copper 8.89
glver 10.5

lead 11.34

mer cury 13.60
gold 19.3




Meastire Earth's Radius using At Sunse
From right triangle:
R, |

h
cos(f) = ~]— —
R.+h T+ e R,
For small 4
2 :
cos(0) ~ 1 _o A Sunset at height View from North Pole
2
Equating
0> h
2 R,
6 = % Sunset on earth’s surface (tangent)
R

Assumewe are at equator




0 Iﬁncreasésat Eai'th Rot’ates |

Earth makes (nearly) onerotation per day. g =
Angular frequency is 2r radians per day.

® (omega) = earth’sangular frequency.

radians
Ty dians

0= G . —727x10° 2 .

54 hours ( 60 mmutesj( 60 se(j,on sj secon

d hour minute
2h

0 =wt= . 0 (theta) = angle earth rotates after true sunset.

1 (2Ah . .
t=— |— Solving for t, we get thetime delay of the

o\ R, sunset at height h ‘sincethetrue sunsetz.



- Correct for Latitudeand Earth's Axis
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winter view

A =32.87° L a Jollalatitude

A, =-23.4"sin(2zd /365) Solar latitude varies.
d=dayssince Sept. 22 _ »
(or March 20).

This formula accounts for our latitude and for the
angle of the earth’s axis from the plane of its orbit.

i ' 20 1 [2ch
o \| R_[cos’(A)cos’(A,)—sin’(A)sin’(4)] @\ R,
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-« Theformulawederived is
for height above sea levdl.

« Strings, protractors, and
rulerswill be available.

« Besuretounderstand how
h well heights must be

1 measur ed beforeyou do the
experiment.

« Each pair of experimenters
should get their own
measur ements.

h=| cos(®)




Your Height Above Sea L evel on Beach

* Theexperimenter on the beach also viewsthe
sunset from above sea level.

* When you check the error propagation you will find
that the measurement of the earth’sradiusis quite
sensitive to the h, measur ement.




““The Equation” for Experiment 1a

1 [2Ch .
t=— }f From previous page.
)

€

1 [2 Time differ ence between
A6k " w\R, (Vi = ) the two sunset observers.

1 Season dependant factor

¢ cos’(A)cos’(A,)—sin’(A)sin’(4,)  dlightly greater than 1.

use this formula for your error analysis
_ _ ¥ 33
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- Propagating Errorsfor R,
2
R, = 2(5 (ﬁ_@) basic formula
@ At

OR, OR OR, Propagateerrors (use
Opr = = S —O‘h shorthand for addition in
° OAt ahl ah quadrature)
2Re R,
Or =70, O O,
O ) Tl )

Notethat error blowsup at h,=h, and at h,=0.




At thebottom of the asphalt

road isareasonable placeto
measure.

A

s

Must return there
at sunset.

Do not go too near
the cliffs

Do not drop or
kick objects below
on the beach

Wear walking




Weather plays a role.
Completely clear days are best.

sunset time — a moment when the last point of the Sun disappears




Measuring g with a Pendulum

— » Period can be measured with electronic
timer over one cycle of with a
stopwatch over many cycles.
 Frictional forces play a role for light
weights.
« Small oscillations are good.
« Heavy weights may cause coupling to
other oscillators like unstable stand.
I :
« Short strings may cause moment of
inertia to become important.
A

79, | | Period of pendulum




~ Propagating Errorsfor Experiment 1

0= 3 8 Formulafor density.
47 GR,
;o b o3 g Takepartial

- — O P O . .
? 4rx GR, ¢ 4r GR’ " derivativesand add
errorsin quadrature

o, :O'g @GRe

P g R,




Statistical analysis

/ [
T'=2r |— Period of pendulum
g

I

uncertainty
error propagation statistical analysis two methods to find

uncertainty



The mean

Xy, Xy, ... » Xy N measurements of the quantity x
X, =X the best estimate for x — the average or mean
SN Xt Xy > x,
N N
N
le. = le. =le. =X +XxX,+...+ X, sigma notation

i=1 !

|

common abbreviations



The standard deviation

d =x —Xx  deviation of x; from X
o = LZ( X, — 5)2 average uncertainty of the
measurements x,, ..., Xy
= 1 Z ( X, — )_5)2 standard deviation of x
N —1

RMS (route mean square) deviation

uncertainty in any one measurement of x — ox = o,
| B I -
68% of measurements will fall in the range x,,, £ o, T Xirue T




The standard deviation of the mean

o L
0. =—F= uncertainty in x
VN 1S the standard deviation of the mean
0X =0
based on the N measured values x,, ..., xy we

can state our final answer for the value of x:

(value of x) = x,,, + Ox

y

‘xbest =X

O

\ x

5x=c7f=\/ﬁ (value of x) =X t o,




Example
We make measurements of the period of a pendulum 3 times and find the results:

7'=20,2.1,and 2.2 s.

(a) What is the mean period?

(b) What 1s the RMS error (the standard deviation) in the period?

(c) What is the error in the mean period (the standard deviation of the mean)?

(d) What 1s the best estimate for the period and the uncertainty in the best estimate.

_ 1 1
X=—) x||lO, =,|——
N 1 N -1

Z:(xi—f)2 o. = O (value of x) =Xt o,

JN

T:%Z i:%2(2+2.1+2.2)=2.1 S

o, = ﬁZ(Ti—T)2 :\/%[(2—2.1)2—|—(2.1—2.1)2+(2.2—2.1)2]:\/%[0.12—1—0.12}:0.1s
o =9 =01 0057735 55 0.06 s
N 3




Systematic errors

OX = \/(5xmn )2 + (§xsys )2

|

random component

|

systematic component



