Chapter 6

Lagrangian Mechanics

6.1 Generalized Coordinates

A set of generalized coordinates qy,...,q, completely describes the positions of all
particles in a mechanical system. In a system with d; degrees of freedom and k
constraints, n = d; — k independent generalized coordinates are needed to completely
specify all the positions. A constraint is a relation among coordinates, such as % +
y> + 2% = a? for a particle moving on a sphere of radius a. In this case, d; = 3
and k = 1. In this case, we could eliminate z in favor of x and y, i.e. by writing
z = ++/a? — 22 — 42, or we could choose as coordinates the polar and azimuthal
angles 6 and ¢.

For the moment we will assume that n = d; — k, and that the generalized coordi-
nates are independent, satisfying no additional constraints among them. Later on we
will learn how to deal with any remaining constraints among the {¢,,...,q,}.

The generalized coordinates may have units of length, or angle, or perhaps some-
thing totally different. In the theory of small oscillations, the normal coordinates are
conventionally chosen to have units of (mass)!/? x (length). However, once a choice
of generalized coordinate is made, with a concomitant set of units, the units of the
conjugate momentum and force are determined:
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where [A} means ‘the units of A’, and where M, L, and T stand for mass, length,
and time, respectively. Thus, if ¢, has dimensions of length, then p, has dimensions
of momentum and £, has dimensions of force. If ¢, is dimensionless, as is the case for
an angle, p_ has dimensions of angular momentum (M L?/T) and F, has dimensions

of torque (M L?/T?).



6.2 Hamilton’s Principle

The equations of motion of classical mechanics are embodied in a variational principle,
called Hamilton’s principle. Hamilton’s principle states that the motion of a system
is such that the action functional

)

S[a(t] = [dtL(e.d.0) (62)
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is an extremum, i.e. 6S = 0. Here, ¢ = {q,,...,q,} is a complete set of generalized
coordinates for our mechanical system, and

L=T-U (6.3)

is the Lagrangian, where T is the kinetic energy and U is the potential energy. Setting
the first variation of the action to zero gives the Euler-Lagrange equations,
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— ~=
dfory oL 6
dt\94,)  Oqr ’

Thus, we have the familiar p, = F,, also known as Newton’s second law. Note,
however, that the {q,} are generalized coordinates, so p, may not have dimensions of
momentum, nor F, of force. For example, if the generalized coordinate in question is
an angle ¢, then the corresponding generalized momentum is the angular momentum
about the axis of ¢’s rotation, and the generalized force is the torque.

6.2.1 Momentum Conservation

Whenever L is independent of a generalized coordinate g, the conjugate force F =

E?TL vanishes and therefore the conjugate momentum p, = gTL is conserved. This is

an example of a deep result known as Noether’s theorem which we will explore more
fully next week. Noether’s theorem guarantees that to every continuous symmetry of

L there corresponds an associated conserved quantity.

6.2.2 Invariance of the Equations of Motion

Suppose

L(q,q,t) = L(g,4,t) + % G(q,t) . (6.5)



Then 3
Slg(t)] = Sla(t)] + G(qy, t,) — G(qat,) - (6.6)

Since the difference S — S is a function only of the endpoint values {4,,4,}, their
variations are identical: 65 = §S. This means that L and L result in the same
equations of motion. Thus, the equations of motion are invariant under a shift of L
by a total time derivative of a function of coordinates and time.

6.2.3 Remarks on the Order of the Equations of Motion

The equations of motion are second order in time. This follows from the fact that
L = L(q,q,t). Using the chain rule,

dfoLN_ oL . 9L 0L .
dt\d4q, ) ~ 94,04 1 T G, 09, T Bt :

That the equations are second order in time can be regarded as an empirical fact.
It follows, as we have just seen, from the fact that L depends on ¢ and on ¢, but on no
higher time derivative terms. Suppose the Lagrangian did depend on the generalized
accelerations ¢ as well. What would the equations of motion look like?
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The boundary term vanishes if we require d¢,(t.) = 0q¢,(tp) = 34, (t,) = 04,(t,) =
0 V 0. The equations of motion would then be fourth order in time.

6.2.4 Lagrangian for a Free Particle

For a free particle, we can use Cartesian coordinates for each particle as our system
of generalized coordinates. For a single particle, the Lagrangian L(x,v,t) must be
a function solely of v2. This is because homogeneity with respect to space and time
preclude any dependence of L on x or on ¢, and isotropy of space means L must
depend on v%. We next invoke Galilean relativity, which says that the equations of
motion are invariant under transformation to a reference frame moving with constant



velocity. Let V' be the velocity of the new reference frame K’ relative to our initial
reference frame K. Then ' = x — Vt, and v/ = v — V. In order that the equations
of motion be invariant under the change in reference frame, we demand

L'(v') = L(v) + % G(z,t) . (6.9)

The only possibility is L = %m’uz, where the constant m is the mass of the particle.
Note:
dG

d
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For N interacting particles,

L1, (%) U (). {2)) (6.11)

Here, U is the potential energy. Generally, U is of the form
U= Z Ui(x,) + Z V(g — xar) (6.12)
a a<a’
however, as we shall see, velocity-dependent potentials appear in the case of charged
particles interacting with electromagnetic fields. In general, though,

L=T-U, (6.13)

where T' is the kinetic energy, and U is the potential energy.

6.3 Remarks on the Choice of Generalized Coor-
dinates

Any choice of generalized coordinates will yield an equivalent set of equations of
motion. However, some choices result in an apparently simpler set than others. This
is often true with respect to the form of the potential energy. Additionally, certain
constraints that may be present are more amenable to treatment using a particular
set of generalized coordinates.

The kinetic energy T' is always simple to write in Cartesian coordinates, and it is
good practice, at least when one is first learning the method, to write 7" in Cartesian
coordinates and then convert to generalized coordinates. In Cartesian coordinates,
the kinetic energy of a single particle of mass m is

T =im(i*+ 9+ i) . (6.14)
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If the motion is two-dimensional, and confined to the plane z = const., one of course
has T = %m (d:z + 92).

Two other commonly used coordinate systems are the cylindrical and spherical
systems. In cylindrical coordinates (p, ¢, z), p is the radial coordinate in the (z,y)
plane and ¢ is the azimuthal angle:

T = p coso i =cospp— psing o (6.15)
y=psing y=singp+pcosoo , (6.16)
and the third, orthogonal coordinate is of course z. The kinetic energy is

T =1im (&* +9* + i)

=im(p*+p* "+ %) . (6.17)

When the motion is confined to a plane with z = const., this coordinate system is
often referred to as ‘two-dimensional polar’ coordinates.

In spherical coordinates (7,0, ¢), r is the radius, # is the polar angle, and ¢ is the
azimuthal angle. On the globe, 6 would be the ‘colatitude’, which is § = 7 — A, where
A is the latitude. Le. # = 0 at the north pole. In spherical polar coordinates,

x =1 sinf cos ¢ i =sinf cosdr +r cosh cosp —r sinfsin ¢ ¢ (6.18)
y =1 sinf sin ¢ §=sinf sing s +r cosd sing 0 + r sinf cos ¢ ¢ (6.19)

z =1 cosl t=cosfr —rsindf . (6.20)
The kinetic energy is

b (47 + )
=1im (P +1° 0% + r? sin%f gz52) . (6.21)

6.4 How to Solve Mechanics Problems

Here are some simple steps you can follow toward obtaining the equations of motion:

1. Choose a set of generalized coordinates {q,,...,q,}-

2. Find the kinetic energy T'(q,q,t), the potential energy U(q,t), and the La-
grangian L(q,q,t) =T — U. Tt is often helpful to first write the kinetic energy
in Cartesian coordinates for each particle before converting to generalized co-
ordinates.



3. Find the canonical momenta p, = gTL and the generalized forces F, = gTL’

4. Evaluate the time derivatives p, and write the equations of motion p, = F,.

Be careful to differentiate properly, using the chain rule and the Leibniz rule
where appropriate.

5. Identify any conserved quantities (more about this later).

6.5 Examples

6.5.1 One-dimensional motion

For a one-dimensional mechanical system with potential energy U(z),

L=T-U=3imi*-U(z) . (6.22)
The canonical momentum is oL
p=go = mi (6.23)
and the equation of motion is
d (0L oL . /
(=)= == = — .24
di (ag'c) g T mi=-U), (6:24)

which is of course F' = ma.

Note that we can multiply the equation of motion by & to get

0= {mi+ ()} = %{gmﬁ FU@) = CZ—? , (6.25)

where £ =T + U.

6.5.2 Central force in two dimensions

Consider next a particle of mass m moving in two dimensions under the influence of
a potential U(p) which is a function of the distance from the origin p = /22 + y2.
Clearly cylindrical (2d polar) coordinates are called for:

L=1m(p*+p*¢*) —Ulp) . (6.26)



The equations of motion are

d(oL\ oL .
a(a—p) a0 mp =mp ¢~ —U'(p) (6.27)
d (L) oL d, .

Note that the canonical momentum conjugate to ¢, which is to say the angular
momentum, is conserved: ‘
Py = mp? ¢ = const. (6.29)

We can use this to eliminate ng from the first Euler-Lagrange equation, obtaining
mp=—=—=U'(p) . (6.30)

We can also write the total energy as

E = gm (9> +p* ¢°) + U(p)
2

. p
=imp?+ Wiﬂ +Ul(p), (6.31)

from which it may be shown that E is also a constant:

dE [ . D3 b .
%—<mp—m—p3—|—U(,0)>p—0. (6.32)

We shall discuss this case in much greater detail in the coming weeks.

6.5.3 A sliding point mass on a sliding wedge

Consider the situation depicted in Fig. 6.1, in which a point object of mass m slides
frictionlessly along a wedge of opening angle o. The wedge itself slides frictionlessly
along a horizontal surface, and its mass is M. We choose as generalized coordinates
the horizontal position X of the left corner of the wedge, and the horizontal distance
x from the left corner to the sliding point mass. The vertical coordinate of the sliding
mass is then y = x tan«, where the horizontal surface lies at y = 0. With these
generalized coordinates, the kinetic energy is
T =3iMX?+im (X +3)* + Imy?

:%(M+m)X2+mXx‘+%m(1+tan2a)i2 : (6.33)
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Figure 6.1: A wedge of mass M and opening angle « slides frictionlessly along a
horizontal surface, while a small object of mass m slides frictionlessly along the wedge.

The potential energy is simply
U=mgy=mgz tana . (6.34)
Thus, the Lagrangian is
L=31(M+ m)X? +mXi + im (14 tan’a)d® — mgx tana (6.35)

and the equations of motion are

L L .
d(@ ) 0 = M+mX+mi=0

at\ox)  oX
d (0L oL . 9 N -
pr (%) =35 = mX +m(l+tana)i = —mgtana . (6.36)

At this point we can use the first of these equations to write

.. m
X =- .
ot (6.37)

Substituting this into the second equation, we obtain the constant accelerations

. M + m)g sin o cos a .. mg Sin o« CoS &
PR Jg sina D e (6.38)
M + msin“« M + msin“a

6.5.4 A pendulum attached to a mass on a spring

Consider next the system depicted in Fig. 6.2 in which a mass M moves horizontally
while attached to a spring of spring constant k. Hanging from this mass is a pendulum
of arm length ¢ and bob mass m.
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Figure 6.2: The spring—pendulum system.

A convenient set of generalized coordinates is (x,#), where z is the displacement
of the mass M relative to the equilibrium extension a of the spring, and 6 is the angle
the pendulum arm makes with respect to the vertical. Let the Cartesian coordinates

of the pendulum bob be (z,,y;). Then
r,=a+x+{sinfd , y, =—lcosh .
The kinetic energy is
T = §Mi* + ym (2° + §°)
=1Mi*+1m [(x +lcos00)? + (Esin@é)z]
= XM +m)i® + Im?0* + mlcos0i0

and the potential energy is

U= %ka + mgy,

= %ka — mgl cos .

Thus,

L= %(M—}—m)m'2+%m€292+m60059¢9— 1ka® + mglcosf .

The canonical momenta are

oL

pw:%:(Mqu):t—i—mEcos@é
L .

pe:a—.:Trzécost9i—i-m€297
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(6.39)
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and the canonical forces are

oL
F,=—=-k
T Oz v
oL s .
F, = 50 = —mlsinf 6 —mgl sinf . (6.44)
The equations of motion then yield
(M 4 m) i +ml cos 0 —ml sin 6 = —kz (6.45)
ml cosf i +ml*h = —mgl sinf . (6.46)

Small Oscillations : If we assume both x and € are small, we may write sinf ~ 6 and
cosf ~ 1, in which case the equations of motion may be linearized to

(M +m)&+mll+ ke =0 (6.47)
ml i +ml* 6 +mglh =0 . (6.48)
If we define k:
_Z _m 2 _ 2_ 9
= = —_ = = .4
U=, o @=o0 ., W Eor o, W=, (6.49)
then
(1+a)ii+af+wiu=0 (6.50)
i+0+wif=0. (6.51)

We can solve by writing

G-~
(O D) e

In order to have a nontrivial solution (i.e. without a = b = 0), the determinant of the
above 2 x 2 matrix must vanish. This gives a condition on w?, with solutions

in which case

(wg+ (1 +a)wi) £ %\/(wg - w%)Q + 200 (Wi + wi) wi . (6.54)

N

2 _
Wy =

10



Figure 6.3: The double pendulum, with generalized coordinates #; and 6. All motion
is confined to a single plane.

6.5.5 The double pendulum

As yet another example of the generalized coordinate approach to Lagrangian dy-
namics, consider the double pendulum system, sketched in Fig. 6.3. We choose as
generalized coordinates the two angles 6, and 6,. In order to evaluate the Lagrangian,
we must obtain the kinetic and potential energies in terms of the generalized coordi-
nates {6,,6,} and their corresponding velocities {6, 6,}.

In Cartesian coordinates,
T = gmy (@F + 93) + 5y (25 + 93) (6.55)
U=mygy, +mygy, . (6.56)

We therefore express the Cartesian coordinates {x,y, Ty, ¥} in terms of the gener-
alized coordinates {61,605}

x, =¥ sinf, xy =, sinf; + ¢, sin b, (6.57)
y, = —{; cosb, Yy = —L; cos @y —ly cosb, . (6.58)

Thus, the velocities are

i, = 0,0, cos, iy =0, 6, cosf, + ly0, cosb, (6.59)
g, = 010, sin 6, Gy =€, 0, sinf, + (, 0, sinb, . (6.60)

Thus,
T=1lm, 262+ ng{@ 02 120, 0, cos(0, — 0,) 0, 0, + £2 ég} (6.61)
U=—m,g¥, costy —mygl, costy —mygly cosb, , (6.62)
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and

L=T—U = L(my +my) 307 +myl, Ly cos(0;, — 0,) 0, 0, + Lm, (363

1
2

+ (my 4+ my) g€, cosby +mygly cosby . (6.63)

The generalized (canonical) momenta are

oL . .
P = Fv o (my +my) 50, + may €, £y cos(0;, — 6,) 0, (6.64)
1
oL : )
Py = pv =my by Uy cos(B; — 0) 01 +my 0560, , (6.65)
2

and the equations of motion are

Py = (my +my) E% él +my by £y cos(0; — 0,) 52 —my by Ly sin(0; — 0,) (61 - 92) 92

L
—(my 4+ my) gy sin@, —my l, £, sin(6, — 0,) 61 6, = gg (6.66)
1
and
Py = My Ly £y cos(t; — 0,) él — my by Ly sin(0; — 0,) (91 - 92) 91 + My g% é2
. oL
2

We therefore find

my Uy my Uy

cos(6, — 6,) 6, +

in(0, — 0,) 62 inf, =0 6.68
Ty + 11y My + My Sm(1 2) o +gsint, ( )

0,0, +

C, cos(B, — 0,) 6, + 0,0, — 0, sin(, —0,) 0% + g sinf, =0. (6.69)

Small Oscillations : The equations of motion are coupled, nonlinear second order
ODEs. When the system is close to equilibrium, the amplitudes of the motion are
small, and we may expand in powers of the #, and 6#,. The linearized equations of
motion are then

0, +aB0,+wib, =0 (6.70)

0,4+ 00, +w20, =0, (6.71)
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where we have defined

Mgy

;B

«

(6.72)
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We can solve this coupled set of equations by a nifty trick. Let’s take a linear
combination of the first equation plus an undetermined coefficient, r, times the second:

(14+7)0,+ (a+7)80,+ w2 (6, +76,) =0 (6.73)

We now demand that the ratio of the coefficients of 6, and 6, is the same as the ratio
of the coefficients of 0, and 0;:

(a+r)p
14+r

= re=3(B-1)£3/(1- 57 +4ap (6.74)
When r = r_, the equation of motion may be written

d? w3
7o (0, +7,0,) =— Tl (6, + 7, 6,) (6.75)

and defining the (unnormalized) normal modes

& =(0,+r.0,), (6.76)
we find )
fo+wié, =0, (6.77)
with
Wo

=0 (6.78)

Thus, by switching to the normal coordinates, we decoupled the equations of motion,
and identified the two normal frequencies of oscillation. We shall have much more to
say about small oscillations further below.

For example, with ¢, = ¢, = ¢ and m; = m, = m, we have a = %, and =1, in

which case
ri:j:\/% ; gizeli\/%% , wi:\/2¢\/§ \/% (6.79)

Note that the oscillation frequency for the ‘in-phase’ mode &, is low, and that for the
‘out of phase’ mode £_ is high.
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6.5.6 The Thingy

Four massless rods of length L are hinged together at their ends to form a rhombus.
A particle of mass M is attached to each vertex. The opposite corners are joined by
springs of spring constant k. In the square configuration, the strings are unstretched.
The motion is confined to a plane, and the particles move only along the diagonals
of the rhombus. Introduce suitable generalized coordinates and find the Lagrangian
of the system. Deduce the equations of motion and find the frequency of small
oscillations about equilibrium.

Solution

The rhombus is depicted in figure 6.4. Let a be the equilibrium length of the springs;
clearly L = \% Let ¢ be half of one of the opening angles, as shown. Then the
masses are located at (+X,0) and (0, £Y), with X = HeospandY = Zsing. The

spring extensions are 60X = 2X — a and 0Y = 2Y — a. The kinetic and potential

Figure 6.4: The thingy: a rhombus with opening angles 2¢ and 7™ — 2¢.
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energies are therefore

T=M(X*+Y?
=iMa? ¢

and

a’ {(\/5 cos ¢ — 1)2 + (\/5 sin ¢ — 1)2}
= 1ka® {3 — 2v/2(cos ¢ + sin gb)} :
Note that minimizing U(¢) gives sin ¢ = cos ¢, i.e. $oq = 7+ The Lagrangian is then

L=T-U=IMa*¢* + vV2ka*(cos ¢ + sin ) + const.

The equations of motion are

doL OL -
aa_gzﬁ = 9% =  Ma*¢ = 2ka® (cos ¢ — sin ¢)
It’s always smart to expand about equilibrium, so let’s write ¢ = 7 + 4, which leads
to
O+ w?sind =0,
with wy, = 1/2k/M. This is the equation of a pendulum! Linearizing gives 0+w?2 d = 0,
so the small oscillation frequency is just wy.

6.6 Conserved Quantities

A conserved quantity A(q, g,t) is one which does not vary throughout the motion of
the system. This means

dA

q=q(t)
We shall discuss conserved quantities in detail in the chapter on Noether’s Theorem,
which follows.

15



6.6.1 Momentum Conservation

The simplest case of a conserved quantity occurs when the Lagrangian does not
explicitly depend on one or more of the generalized coordinates, i.e. when

g O

9o

We then say that L is cyclic in the coordinate g,. In this case, the Euler-Lagrange
equations p, = F say that the conjugate momentum p, is conserved. Consider, for
example, the motion of a particle of mass m near the surface of the earth. Let (z,y)
be coordinates parallel to the surface and z the height. We then have

0. (6.81)

T = Im(&* 4+ ¢° + ) (6.82)
U=mgz (6.83)
L=T-U=im(i*+§° + *) —mgz . (6.84)
Since oL 5L
F,=—=0 d F,=—=0 6.85
o Ox ot Yo Oy ’ ( )
we have that p, and p, are conserved, with
oL . oL .
Py = 5o =mi py:a—y:my. (6.86)
These first order equations can be integrated to yield
Dz Dy
t)=2(0)+—t t)=y(0)+—t. 6.87
bt =20+ 20yl = (o) + 2 (6.87)

The z equation is of course

p,=mz=—-mg=F,, (6.88)

with solution
2(t) = 2(0) + 2(0) t — 1gt* . (6.89)

As another example, consider a particle moving in the (z,y) plane under the influ-
ence of a potential U(z,y) = U ( V2 + y2) which depends only on the particle’s dis-
tance from the origin p = y/x% + y?. The Lagrangian, expressed in two-dimensional
polar coordinates (p, ¢), is

L= 1m(p*+ p*¢*) — U(p) . (6.90)
We see that L is cyclic in the angle ¢, hence
oL 5
- —m 6.91
o= i poo (6.91)

is conserved. py is the angular momentum of the particle about the z axis. In the
language of the calculus of variations, momentum conservation is what follows when
the integrand of a functional is independent of the independent variable.

16



6.6.2 Energy Conservation

When the integrand of a functional is independent of the dependent variable, another
conservation law follows. For Lagrangian mechanics, consider the expression

H(q,G,t) =Y pyd,— L. (6.92)
o=1

Now we take the total time derivative of H:

dH < ... 0L . 0L . OL
%—Z{paqﬁrmqg—a—nga—a—%qa}—a- (6.93)

o=1

We evaluate H along the motion of the system, which entails that the terms in the
curly brackets above cancel for each o:

oL _ oL

Pe =84, P 0, (6.94)
Thus, we find
dH oL
% — _E 9 (6'95)

which means that H is conserved whenever the Lagrangian contains no explicit time
dependence. For a Lagrangian of the form

L=>) imgl—U(r,...,my), (6.96)

we have that p, =m,r,, and

a’ a’

H=T+U=Y im#l+U(r,...,ry). (6.97)

However, it is not always the case that H = T'4 U is the total energy, as we shall see
in the next chapter.

6.6.3 Appendix : Virial Theorem

The virial theorem is a statement about the time-averaged motion of a mechanical
system. Define the virial,

G(a.p) = Psts - (6.98)
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Then

dG ) .
E = Z (paqcr +paq0)

:ZqUFJJquU(%L. (6.99)

Now suppose that T' = %ZU o Lo 454, 1s homogeneous of degree k = 2 in ¢, and
that U is homogeneous of degree zero in ¢. Then

oL aT
o = i — =2T 1
Z qo‘ 8qa ; qo’ 8qo- ) (6 00)

[

which follows from Euler’s theorem on homogeneous functions.
Now consider the time average of G over a period 7
<dG> 1 /T it dG
a/ dt
0

_ %[G(T) - G()]. (6.101)

If G(t) is bounded, then in the limit 7 — co we must have (G) = 0. Any bounded
motion, such as the orbit of the earth around the Sun, will result in (G) = 0.
But then

<§> =2(T)+ () ¢, F,)=0, (6.102)

which implies

(1)

—%<203an0> = +<%;qag—g>
- <%Zri-viU(r1,...,rN)> (6.103)
o o108

where the last line pertains to homogeneous potentials of degree k. Finally, since
T + U = FE is conserved, we have

T=7—7 , (U)=7"—7. (6.105)
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