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Rotational MotionRotational Motion



q   is the angular displacementangular displacement where s = r q.



f
2  i

2  2 f −  i 







Torque depends on the choice of the origin

  rFsin

  r  F

Torque: the Angular Analog of ForceTorque: the Angular Analog of Force

Torque can be thought of as an “angular 
force” which causes a change in angular 
motion. It is defined as:

In (b) Fsinq
 

is the component of the 
force perpendicular to the door.
In (c) rsinq

 
is the component of the 

moment arm perpendicular to the force, 
defined as the lever arm.
The choice is often determined by the 
particular application or problem.It should be noted that:

In the next chapter we will define torque
as a vector via the vector product: 



Internal Torques Cancel Internal Torques Cancel 

Consider an arbitrary object rotating about 
an axis (the bold point in the figure). Two 
mass elements exert equal and opposite 
forces on each other. The torques about the 
axis are: 

Since F12 = -F21 and r1 sinq1 = r2 sinq2 the 
internal torques cancel!

12  F12r1 sin1 and 21  F21r2 sin2

Internal torques cancel in pairs just as the internal forces do.
The net torque is the sum of external torques!





Note that r is the distance to the axis of rotation, and I is notnot equal 
to M r2

cm .



Example: Moment of Inertia of Two Point MassesExample: Moment of Inertia of Two Point Masses
A dumbbell shaped object of two equal 
masses a distance l apart is subjected to a 
torque, t, about an axis ¼ of the way 
between the two masses. How long will 
it take for the system to rotate through an 
angle q ? 

First we need to find the moment of inertia for the system:

I  m l
4

2
 m 3l

4
2
 5

8 ml2

The angular acceleration is:   /I  8/5ml2

From the kinematic relations:   1
2 t2  4

5ml2 t2



Example: Moment of Inertia for a Flat PlateExample: Moment of Inertia for a Flat Plate

Find the moment of inertia of the flat plate of mass 
M with the dimensions shown in the figure.

From symmetry about the y = 0 axis we can find the 
momentum of inertia for the upper half and multiply 
by 2. The expression for the upper boundary is:

yr  h1 
h2 − h1

R r

The differential mass element is:

dm  M/2
A ydr  M

h1  h2R
ydr

The integral for the momentum 
of inertia of the entire plate 
(remember the factor of 2) :

I   r2dm  2 
0

R
r2 M
h1  h2R

yrdr



Example: Moment of Inertia for a Flat PlateExample: Moment of Inertia for a Flat Plate

Find the moment of inertia of the flat plate of mass 
M with the dimensions shown in the figure.

Substituting in the expression for y(r) and integrating:

Algebraically simplifying:

If h1 =h2 then I reduces to I = 1/3 M R2, the correct result for a flat plate.

I   r2dm  2 
0

R
r2 M
h1  h2R

yrdr

I  2M
h1  h2R


0

R
r2 h1 

h2 − h1
R r dr

I  2M
h1  h2R

h1
R3

3  h2 − h1 R3

4

I  1
6
h1  3h2
h1  h2

MR2



Example: Moment of Inertia of a Thin Disk Example: Moment of Inertia of a Thin Disk 
about its Centerabout its Center

dm  M
A 2rdr

Due to circular symmetry we only have 
to integrate along the radial direction. 
The differential mass element is: 

Performing the moment of inertia integral:  

I   r2dm  
0

R M
A 2r3dr  2M

R2
R4

4  1
2 MR2

This result can be used to sum thin disks for any objects with circular 
symmetry such as a sphere or disk etc. 



Example: Moment of Inertia for a Sphere Example: Moment of Inertia for a Sphere 
about its Axisabout its Axis

For a sphere of radius R, we can sum (integrate) the 
moments of inertia for series of infinitesimal disks.
The momentum of inertia for an infinitesimal disk is:

dI  y2dm  y2dV  y2 
2 y2dz

The radius of these disks, y(z), is found from:

y2  R2 − z2

Performing the integral
for I yields: 

I  
−R

R
R2 − z2


2 R2 − z2dz  M

2V −R
R
R2 − z22dz

I  M
8R3/3

2R5 − 4R5/3  2R5/5  3
8 MR22 − 4/3  2/5

I  1
8 MR22  6/5  2

5 MR2
I could also have been 
found from a spherical
volume element.



Example: Thin Spherical ShellExample: Thin Spherical Shell
For a thin spherical shell the mass element is:

Finding the mass element was the hard part. 
The integral for the moment of inertia is:

Could we have used the moment of inertia for a solid sphere of radius R and 
subtracted the moment of inertia for a solid sphere (same density) of slightly 
smaller radius, R-dR ? 

Absolutely, give it a try!

dm  M
A 2yRd  M

A 2R2 sind

I   r2dm   y2dm  2M
A R4 

0


sin3d

I  2M
4R2 R4 

0


1 − cos2 sind  1

2 MR2 2 − 2
3

I  2
3 MR2





Example: Moment of Inertia of a RodExample: Moment of Inertia of a Rod
Find the moment of inertia for a rod of 
mass m and length     about an axis
perpendicular to the rod through its 
(a) center and its (b) end. 

ℓ

(a) The integral for I with an axis through its center is straightforward

I  
−ℓ/2

ℓ/2
x2dm  

−ℓ/2

ℓ/2
x2dx  m

ℓ −ℓ/2
ℓ/2

x2dx

with the result: I  m
ℓ

2ℓ/23

3  1
12 mℓ2

What is particularly interesting about this result is to note what happens
when we consider its momentum of inertia about an axis through its end.



Example: Moment of Inertia of a RodExample: Moment of Inertia of a Rod
Find the moment of inertia for a rod of 
mass m and length      about an axis
perpendicular to the rod through its 
(a) center and its (b) end. 

ℓ

(b) The integral for I with an axis through its end is also straightforward

We note that the difference between this result and the 
moment of inertia about an axis through its center of mass is:

I  
0

ℓ
x2dm  m

ℓ 0

ℓ
x2dx  1

3 mℓ2

The increase in The increase in II just happens just happens 
to be to be mm times the distance to times the distance to 
the CM squared! the CM squared! 

ΔI  Iend − Icm  1
4 mℓ2  mℓ/22



I  Icm  Mh2

I  1
2 MR2  Mh2



Example: Parallel Axis Theorem for Flat PlateExample: Parallel Axis Theorem for Flat Plate

For a flat plate the mass element is:

dm  M
A bdx

The moment of inertial integral with the 
rotation axis through the CM is: 

The moment of inertial integral with the rotation axis along one side is: 

Iside   r2dm  
0

a
x2 M

A bdx  M
A

a3b
3  1

3 Ma2

From the Parallel 
Axis Theorem: Iside  ICM  Ma/22  1

12  1
4 Ma2  1

3 Ma2

ICM   r2dm  
−a/2

a/2
x2 M

A bdx  2M
3A

a3b
8  1

12 Ma2
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