PHYSICS 110A : CLASSICAL MECHANICS
FALL 2007 FINAL EXAM SOLUTIONS

[1] Two masses and two springs are configured linearly and externally driven to rotate with
angular velocity w about a fixed point on a horizontal surface, as shown in fig. 1. The
unstretched length of each spring is a.

Figure 1: Two masses and two springs rotate with angular velocity w.

(a) Choose as generalized coordinates the radial distances 19 from the origin. Find the
Lagrangian L(ry,ry, 7, y,t).
[5 points]

The Lagrangian is

L= %m(r% +7"§ +w2r% +w2r§) — %k:(rl — a)2 — %k:(rz —r; — a)2 . (1)

(b) Derive expressions for all conserved quantities.
[5 points]

The Hamiltonian is conserved. Since the kinetic energy is not homogeneous of degree 2 in
the generalized velocities, H # T + U. Rather,

H = prf Gy — L (2)
g
= gm(if +73) — gmw? (r] +13) + 3k (ry —a)* + 3k (ry =1y —a)” . (3)
We could define an effective potential

Uea(rq,7m9) = —%muﬂ(r% + 7"%) + %]“7(7‘1 —a)®+ %k‘ (rg =7y — a)® . (4)

e

Note the first term, which comes from the kinetic energy, has an interpretation of a fictitious
potential which generates a centrifugal force.



(c) What equations determine the equilibrium radii 7§ and r9? (You do not have to solve
these equations.)
[5 points]

The equations of equilibrium are Fy = 0. Thus,

oL

O:Flza—rl:mw2r1fk:(rl—a)Jrk:(errl—a) (5)
oL

O:Fzzg—m:mw27“2—k(7“2—7“1—a). (6)

(d) Suppose now that the system is not externally driven, and that the angular coordinate
¢ is a dynamical variable like r; and r,. Find the Lagrangian L(ry,7y, ¢, 71,79, $,1).
[5 points]

Now we have

L=3m(it+75+17 ¢ +13¢°) — 3k (ry —a)® — Sk (ry =y —a)? . (7)

(e) For the system described in part (d), find expressions for all conserved quantities.
[5 points]

There are two conserved quantities. One is p & owing to the fact the ¢ is cyclic in the
Lagrangian. Le. ¢ — ¢+ ( is a continuous one-parameter coordinate transformation which
leaves L invariant. We have

0L RN

p,=—=m(r{+7r3) . 8

4= 5 3 ( 1 2) (8)

The second conserved quantity is the Hamiltonian, which is now H = T + U, since T is

homogeneous of degree 2 in the generalized velocities. Using conservation of momentum,
we can write

P

1 2 1 2
=t lk(r,—a)? + Lk (ry— 1y —a)? . 9
om(r? + r3) + gk (ry —a)” + 5k (rg —ry —a) 9)

H=im(i{ +73) +
Once again, we can define an effective potential,
iz

Ug(ry,7r9) = m + %k (ry — a)2 + %k‘(rQ —r; — a)2 , (10)

which is different than the effective potential from part (b). However in both this case and
in part (b), we have that the radial coordinates obey the equations of motion

'i': __8Ucff
mj_ 87']' ’

(11)

for j = 1,2. Note that this equation of motion follows directly from H = 0.



[2] A point mass m slides inside a hoop of radius R and mass M, which itself rolls without
slipping on a horizontal surface, as depicted in fig. 2.

Figure 2: A mass point m rolls inside a hoop of mass M and radius R which rolls without
slipping on a horizontal surface.

Choose as general coordinates (X, ¢,r), where X is the horizontal location of the center of
the hoop, ¢ is the angle the mass m makes with respect to the vertical (¢ = 0 at the bottom
of the hoop), and r is the distance of the mass m from the center of the hoop. Since the
mass m slides inside the hoop, there is a constraint:

GX,p,r)=r—R=0.

Nota bene: The kinetic energy of the moving hoop, including translational and rotational
components (but not including the mass m), is T,,,, = MX 2 (i.e. twice the translational
contribution alone).

(a) Find the Lagrangian L(X, ¢,r, X, ¢, 7, 1).
[5 points]

The Cartesian coordinates and velocities of the mass m are

xr=X+rsing =X +7sing+reé coso (12)
y=R—rcos¢ = —rcos¢+rosing (13)
The Lagrangian is then

T U

L =(M+ %m)).(2 + Im(r? + %) + mX (7 sing +r¢ cos¢) — mg(R —rcosp) (14)

Note that we are not allowed to substitute r = R and hence = 0 in the Lagrangian prior
to obtaining the equations of motion. Only after the generalized momenta and forces are
computed are we allowed to do so.



(b) Find all the generalized momenta p,, the generalized forces F,, and the forces of
constraint Q).
[10 points]

The generalized momenta are

L .
P, = g_r =msr + mX sin ¢ (15)
oL . . ;
Py = P (2M + m)X + m7r sin ¢ + mr¢ cos ¢ (16)
oL ) .
= —=mr“¢+mrX cos 17
Dy 96 ¢ ¢ (17)
The generalized forces and the forces of constraint are
L . .
Fr:a—:mrngqungcosngerCOSQS QT:)\a—G:)\ (18)
or or
oL oG
FX—a—X—O QX—)\a—X—O (19)
L ) .
F¢—g—¢—mX7'“ cos ¢ —mX¢ sin ¢ — mgrsin ¢ Q(b—)\%—o. (20)
The equations of motion are

At this point, we can legitimately invoke the constraint » = R and set = 0 in all the p,
and Fj.

(c) Derive expressions for all conserved quantities.
[5 points]

There are two conserved quantities, which each derive from continuous invariances of the
Lagrangian which respect the constraint. The first is the total momentum p:

F,=0 = P =p, =constant . (22)

The second conserved quantity is the Hamiltonian, which in this problem turns out to be
the total energy ¥ =T + U. Incidentally, we can use conservation of P to write the energy
in terms of the variable ¢ alone. From

P mR cos¢ -
= — 2
QM +m  2M+m 23)
we obtain
E=12M +m)X? + LmR?¢? + mRX¢ cos ¢ +mgR(1 — cos ¢)
aP? | o1+ asin?e) .,

- 41 L —— 1 — cos 24
2m(1+a)+2mR< o >¢ +mgR(1 — cos¢) , (24)



where we've defined the dimensionless ratio o« = m/2M. It is convenient to define the
quantity
14 asin?g) |,
P = —T)* +23(1 — 25
(F220) @+ 2uh1 - cos). (25)
with wy, = /g/R. Clearly 22 is conserved, as it is linearly related to the energy E:

aP?

_ 1, P22
E_72m(1+a)+2mRQ : (26)

(d) Derive a differential equation of motion involving the coordinate ¢(t) alone. Ie. your
equation should not involve r, X, or the Lagrange multiplier \.
[5 points]

From conservation of energy,

d(_QQ)_ 1+ asin®p) - « sin ¢ cos ¢
dt =0 = < 1+ o o+ 1+

> $*+wising =0, (27)

again with @« = m/2M. Incidentally, one can use these results in eqns. 25 and 27 to
eliminate ¢ and ¢ in the expression for the constraint force, Q, = A = p, — F-. One finds

¢? + w3 cos b

A=-—-mR —
1+ asin“g
Rw}§ 2? . .
- _ﬂﬁkﬁw {(1 + ) <w_(2] —4 sm2(%¢)> + (1 4 asin®¢) cos qS} : (28)

This last equation can be used to determine the angle of detachment, where A vanishes and
the mass m falls off the inside of the hoop. This is because the hoop can only supply a
repulsive normal force to the mass m. This was worked out in detail in my lecture notes on
constrained systems.



[3] Two objects of masses m; and m, move under the influence of a central potential
U=k ‘7'1 — r2‘1/4.

(a) Sketch the effective potential U,;(r) and the phase curves for the radial motion. Identify
for which energies the motion is bounded.
[5 points]

Figure 3: The effective U.(r) = Eo U.g(r/ro), where ro and Ey are the radius and energy
of the circular orbit.

The effective potential is

62
Ueﬂ(’l') = W + kr™ (29)
with n = %. In sketching the effective potential, I have rendered it in dimensionless form,
Ug(r) = EyUya(r/ry) , (30)

where r, = (£2/ nkp) ™27 and Ey = (3 4+ 1)¢2/purg, which are obtained from the results
of part (b). One then finds
nx? 422"

n+2 (31)

U (z) =



Although it is not obvious from the detailed sketch in fig. 3, the effective potential does
diverge, albeit slowly, for r — oco. Clearly it also diverges for r — 0. Thus, the relative
coordinate motion is bounded for all energies; the allowed energies are £ > L.

() What is the radius r, of the circular orbit? Is it stable or unstable? Why?
[5 points]

For the general power law potential U(r) = kr™, with nk > 0 (attractive force), setting

Uls(ry) = 0 yields ,
i .
_M—Tg—i_nkro 120. (32)

1 4
02 \n+2 40%\ o
TO(@) (E)' (33)

The orbit r(t) = r, is stable because the effective potential has a local minimum at r = r,

Thus,

i.e. UlL(ry) > 0. This is obvious from inspection of the graph of U (r) but can also be
computed explicitly:

2

3¢ n

Ult(ro) = N—Té +n(n — 1)kr§
£2
0

Thus, provided n > —2 we have U/;(r,) > 0.

(c) For small perturbations about a circular orbit, the radial coordinate oscillates between
two values. Suppose we compare two systems, with ¢//¢ = 2, but ¢/ = p and ¥’ = k. What
is the ratio w'/w of their frequencies of small radial oscillations?

[5 points]

From the radial coordinate equation uit = —U!

e

pij = =Ulg(rg) n + O(n*) . (35)

The radial oscillation frequency is then

+(r), we expand r = 7, + 1 and find

E _a & _L n—
w=(n+2)1/2 = 2)V/2 pate iz Wi fnes (36)
0

The ¢ dependence is what is key here. Clearly

n—2
W' I\ n+2
d (0 -

In our case, with n = %, we have w o< £~7/9 and thus

!/
Y _ o7 (38)

w



(d) Find the equation of the shape of the slightly perturbed circular orbit: r(¢) = ry+n(¢).
That is, find n(¢). Sketch the shape of the orbit.
[5 points]

We have that 1(¢) = 1, cos(B¢ + 0), with
2

With n = i, we have 3 = % Thus, the radial coordinate makes three oscillations for every
two rotations. The situation is depicted in fig. 4.

Figure 4: Radial oscillations with § = %

(e) What value of n would result in a perturbed orbit shaped like that in fig. 57
[5 points]

Figure 5: Closed precession in a central potential U(r) = kr™.

Clearly 8 = v/n + 2 = 4, in order that 7(¢) = 1, cos(B¢+6,) executes four complete periods
over the interval ¢ € [0, 27]. This means n = 14.



[4] Two masses and three springs are arranged as shown in fig. 6. You may assume that in
equilibrium the springs are all unstretched with length a. The masses and spring constants
are simple multiples of fundamental values, viz.

my=m , my=4m , ki =k , ky=4k , k;=28k. (40)
kq ko K
STERER i BItie
m 1 m 2

Figure 6: Coupled masses and springs.

(a) Find the Lagrangian.
[5 points]

Choosing displacements relative to equilibrium as our generalized coordinates, we have

T = Imni + 2mn3 (41)
and
U=3Lknt +2k (ny —m)® + 14k . (42)
Thus,
L=T-U=3imn+2mn3 — Skni — 2k (ny —m)* — 14kn3 . (43)

You are not required to find the equilibrium values of x; and z,. However, suppose all the
unstretched spring lengths are a and the total distance between the walls is L. Then, with
z 5 being the location of the masses relative to the left wall, we have

U= %kl (z, —a)® + %kz (zy —z) —a)® + %kg (L —xy—a)*. (44)

Differentiating with respect to o then yields

ou
8—331:]?1(331—@)—]?2(332_951—@) (45)
a—U:k2($2—$1—a)—k¢3(L—$2—G). (46)
8%2

Setting these both to zero, we obtain
(ky + ky) my — kymy = (ky — ky)a (47)

Solving these two inhomogeneous coupled linear equations for o then yields the equilib-
rium positions. However, we don’t need to do this to solve the problem.



(b) Find the T and V matrices.

[5 points]
We have 027
m 0
T ,= = 49
77 87;}08770/ < 0 4m> ( )
and 220
=1 o
, = _ (kAR (50)
7o Oy ONg: —4k 32k

(c) Find the eigenfrequencies w; and w,.

[5 points]
We have
2
_ 2m v _ [mw?—5k 4k
Q) =wT V‘( Ak dmw? — 32k
A—5 4
_k< 4 4)\—32> ’ (51)

where A = w? /w?, with w, = \/k/m. Setting det Q(w) = 0 then yields

M 130 +36=0, (52)
the roots of which are A\_ =4 and A, = 9. Thus, the eigenfrequencies are
w_ = 2w, , w, =3wy - (53)

(d) Find the modal matrix A _,.
[5 points]

To find the normal modes, we set

_ (£)
Ar =5 1 ] =0. (54)
4 4r —32 5

This yields two linearly dependent equations, from which we can determine only the ratios
gi)/q/)§i). Plugging in for A, we find

()0 - (o) w

We then normalize by demanding 1/)((:) T, ¢((TJ,‘) =4
inspection:

;- We can practically solve this by

20miC_*=1 , b5m|CP=1. (56)

10



We may now write the modal matrix,

(e) Write down the most general solution for the motion of the system.

[5 points]

The most general solution is

Mo (t)

Note that there are four constants of integration: B, and ¢,.

11

(”1“)) =B_ G) cos(2wyt + ¢_) + By <11> cos(3wot + ) -



