Physics 161: Black Holes: Lecture 8/9: 22/25 Jan
2010

Professor: Kim Griest

8 Equivalence Principle: Light Bending and Gravitional red-
shift; Geodesics of Schwarzschild metric from Euler-Langrange

8.1 Use of the Equivalence Principle

To find proper answers in GR we calculate using the metric, in our case the Schwarzschild metric, but
there is an interesting, more intuitive way that uses the Equivalence Principle directly. Let’s look briefly
at two examples.

8.1.1 Light bending

Imagine someone in a falling elevator. The equivalence principle says that experiments done in this falling
frame will give the same results as experiments done floating in free space far from any massive object.
Suppose the guy in the falling elevator shines a laser beam horizonally from one side of the elevator to the
other. That light must follow geodesics and therefore go “straight” across the elevator; if the beam leaves
from a height of 3 feet above the elevator floor, it must arrive on the other side also three feet above the
floor. From the point of view of the elevator man, the light must travel exactly horizontally. But now
think of someone watching through the (glass) walls of the elevator. The man shoots the laser from a
height of 3 feet above the floor, but then while the light is traveling across, the elevator continues to fall.
Thus when the light hits the opposite wall 3 feet above the floor, the wall has moved down. Therefore
the light cannot go straight in the Earth frame. The light must also fall. This gedanken experiment
shows the light must fall in a gravitational field in the same way as everything else. Of course, from the
point of view of GR, light is just following the geodesic through a curved spacetime; we will calculate
those soon, but here we forsee what that calculation will give. In particular, light from distant stars
travelling near the limb of the Sun must be “deflected” towards the Sun. Sir Author Eddington did this
experiment in 1919, and it garnered world wide fame for Albert Einstein, because it was one of the first
proofs of Einstein’s GR theory. In the homework, I am asking you to calculate how far the light falls in
a gravitational field, that is how much it bends.

8.1.2 Gravitational Redshift again

The equivalence principle can also be used to show that light must gravitationally redshift. Again consider
our man in a falling elevator. This time he shoots his laser from the floor to the ceiling.



First think about it from the point of view of someone outside watching through the glass walls. In
the Earth frame the freely falling elevator picks up speed while the light is in transit, and so there is
Doppler shift caused by the speeding elevator ceiling. The time the photons spend in transit is t = h/c,
where h is the height of the elevator, and the speed increase of the elevator is Av = gt = gh/c, where
g = GMgarin/r? = 9.8m/s%2. We could find the expected Doppler shift from the relativistically correct
formula vops = v94/(1 + Av)/(1 — Av), but a Taylor expansion of this is good enough for the slow speeds
involved here: vops &~ v(1 + %Av)(l + %Av) ~1p(1+ Av), or Av = vgps — g = Avrg Thus in the Earth
frame we expect the light beam to be blue shifted by Av/vg = Av/c = gh/c?, where I put the ¢’s back in.
However, the equivalence principle says that this cannot be! The man in the elevator can’t tell whether
he is falling or floating freely in deep space, so he expects correctly that the frequency of light recieved
at the elevator’s ceiling is the same as the frequency he sent from the floor. Thus there must be another
effect to cancel this one! The light traveling up must be gravitationally redshifted to counterbalance this
effect. Thus there must be a factor of Av/vy = —v/c = —gh/c* = —GMh/r?c*. This is not quite the
result we got before from the metric, since there is a factor of r=2 rather than =1, but we can actually
do a sort of fake derivation of the correct factor by integrating this result from a distance r to co. That

is by solving the equation:
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This gives In(vs/1v0) & —GM/roc?, or Moo = Xoexp (GM/roc?). This is still not the correct answer,

but if we assume the factor in the exponential is small and Taylor expand the exponential using e* =~
1+z+22/2+ ..., we do find Ao /Ao & 1+ GM/rc?, or z = GM/rc?, the Schwarzschild result for small 2.

8.2 Geodesics of Schwarzschild metric from Euler-Langrange

Let’s return to our work on geodesics and apply the Euler-Lagrange equations to find the geodesics of the
Schwarzschild metric. Remember that the Schwarzschild metric is the unique metric around stationary,
spherically symmetric, uncharged objects, so what these geodesics do is tell us how thing move around
the Earth, around the Sun, and around uncharged, non-spinning black holes. These are the General
Relativistic extension of Newton’s and Kepler’s laws of motion. Recall the Schwarzschild metric is
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As above, we set ¢ = 1, and take affine paramter A = s = 7, and extremize s = f Ldr, with
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The Euler-Lagrange equation for ¢ is then
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which implies there is a conserved quantity we will call energy per unit mass:
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Calculating,
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. Using L = 1, we find our ¢ equation
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where we abbreviated L = [---]'/2

We don’t yet know that the constant is E/m, but we call it that because of our experience with the
Minkowski metric. For 4 — oo, the Schwarzschild metric goes to the Minkowski metric and for the
Minkowski metric = E/m.

Next we find the ¢ equation:
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so again we have a conserved quantity ps = 0L/ 8gf) = —I/m, where we will call this conserved quantity

the angular momentum per unit mass. Recall Noether’s theorem which says if physics is unchanged by a
rotation then angular momentum is conserved. Since the metric does not depend explicitly on the angle
¢, we get that result here. Doing the differentiation we find
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Thus our ¢ equation reads
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Note that it makes sense that we called the constant of motion [/m, since this matches the normal

definition of angular momentum, [ = 7 X 16, with v = r sin 6¢.
Next, we consider the 6 equation. Here we find that

d OL 0L
dr 96 00 ’
thus we do not have a conserved quantity for this equation. We find
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Thus our 6 equation reads:
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Finally we come do the r equation, which is kind of messy because of all the explicit r dependence in
the metric. However, we don’t have to do it, because we can get the fourth equation we need to specify

the equations of motion from our definition of the Lagrangian, L? = 1:

2GM . . 72
r B (1 _ 2GM)

—720% — 1% sin” 0.



Since our object and metric are spherically symmetric we can simplify things by only considering motion in
the equatorial plane (§ = 7/2, and 0= 0). Of course we have to remember that we made this assumption
later when we use our equations! If we try to consider motion that has a changing 6, or which not in this
plane we would need to come back to the equation above. In this case then, the equation L = 1 becomes:
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Now eliminate variables other than r, using the constants of motion we have from the above equations:
I/m=1r%p, and E/m = (1 — 2&M){ to get:
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We can write this in a nicer form by solving for ms2,
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Remembering the definition of # and using dimensional analysis to put back the ¢’s, we can write this as:
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Notice that, as I mentioned in my handwaving description, a step in proper time dr forces a step dr in
the r direction. Thus this geodesic equation shows that things fall due to the spacetime curvature of the
metric. We will look at these geodesic equations in some detail, but for now let’s just take one limit of
this last equation.

Suppose the angular momentum [ = 0, which we might expect for radial infall towards a spherical
mass. Our equation then is:
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Next consider a case where you start at rest far from the object so that at proper time 7 = 0, m(dr/d7)? =
0, and r — oco. Our equation becomes:

E? 2GM

— (1= — )mc* =0,

mc (6]

2 2

or E?/mc? = mc?, or simply E = mc?! So at 7 = 0 the total energy is just E = mc?. In Newtonian
mechanics the energy at infinity is usually defined as £ = 0. Isn’t it nice how these important results
are just built right into the general relativistic view of spacetime. Also since energy F is conserved along
geodesics we know that £ = m always. This E is not the Newtonian energy; it is the conserved quantity,
which is better than the sum of %va + V. Finally note that if we would have started with some velocity
at r = oo then E > mc? but it still would have been conserved.
At later times during this radial infall from rest, our equation becomes:
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That is simply
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which looks remarkably like the Newtonian case %mv2 —GMm/r = 0! But this is not the same equation.
It is fully relativistic and the time derivative is 7 not ¢ (remember ¢ = 47 in SR). In general you integrate
these 4 equations to get the complete picture of motion near the Earth, Sun, or Black Hole. We will
come back to these soon.



