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Chapter 1

Elementary Mechanics

1.1 Introduction and Review

Dynamics is the science of how things move. A complete solution to the motion of a system means that
we know the coordinates of all its constituent particles as functions of time. For a single point particle
moving in three-dimensional space, this means we want to know its position vector r(t) as a function of
time. If there are many particles, the motion is described by a set of functions r;(t), where i labels which
particle we are talking about. So generally speaking, solving for the motion means being able to predict
where a particle will be at any given instant of time. Of course, knowing the function r,(¢) means we
can take its derivative and obtain the velocity v, (t) = dr,/dt at any time as well.

The complete motion for a system is not given to us outright, but rather is encoded in a set of differential
equations, called the equations of motion. An example of an equation of motion is

d*x
Mg = —myg (1.1)
with the solution
x(t) = xo + vot — Sgt° (1.2)

where z, and v, are constants corresponding to the initial boundary conditions on the position and veloc-
ity: 2(0) = =z, v(0) = v,. This particular solution describes the vertical motion of a particle of mass m
moving near the earth’s surface.

In this class, we shall discuss a general framework by which the equations of motion may be obtained,
and methods for solving them. That “general framework” is Lagrangian Dynamics, which itself is really
nothing more than an elegant restatement of Isaac Newton’s Laws of Motion.

1.1.1 Newton’s laws of motion

Aristotle held that objects move because they are somehow impelled to seek out their natural state.
Thus, a rock falls because rocks belong on the earth, and flames rise because fire belongs in the heavens.



2 CHAPTER 1. ELEMENTARY MECHANICS

To paraphrase Wolfgang Pauli, such notions are so vague as to be “not even wrong.” It was only with the
publication of Newton’s Principia in 1687 that a theory of motion which had detailed predictive power
was developed.

Newton’s three Laws of Motion may be stated as follows:

I. A body remains in uniform motion unless acted on by a force.
II. Force equals rate of change of momentum: F' = dp/dt.

III. Any two bodies exert equal and opposite forces on each other.

Newton’s First Law states that a particle will move in a straight line at constant (possibly zero) velocity
if it is subjected to no forces. Now this cannot be true in general, for suppose we encounter such a “free”
particle and that indeed it is in uniform motion, so that r(t) = r¢ + vot. Now r(t) is measured in some
coordinate system, and if instead we choose to measure r(t) in a different coordinate system whose
origin R moves according to the function R(t), then in this new “frame of reference” the position of our
particle will be

r'(t) = r(t) - R(t)
A ON (13)

If the acceleration d?R/dt? is nonzero, then merely by shifting our frame of reference we have apparently
falsified Newton's First Law — a free particle does not move in uniform rectilinear motion when viewed
from an accelerating frame of reference. Thus, together with Newton’s Laws comes an assumption
about the existence of frames of reference — called inertial frames — in which Newton’s Laws hold. A
transformation from one frame K to another frame X’ which moves at constant velocity V relative to K
is called a Galilean transformation. The equations of motion of classical mechanics are invariant (do not
change) under Galilean transformations.

At first, the issue of inertial and noninertial frames is confusing. Rather than grapple with this, we will
try to build some intuition by solving mechanics problems assuming we are in an inertial frame. The
earth’s surface, where most physics experiments are done, is not an inertial frame, due to the centripetal
accelerations associated with the earth’s rotation about its own axis and its orbit around the sun. In this
case, not only is our coordinate system’s origin — somewhere in a laboratory on the surface of the earth
— accelerating, but the coordinate axes themselves are rotating with respect to an inertial frame. The
rotation of the earth leads to fictitious “forces” such as the Coriolis force, which have large-scale con-
sequences. For example, hurricanes, when viewed from above, rotate counterclockwise in the northern
hemisphere and clockwise in the southern hemisphere. Later on in the course we will devote ourselves
to a detailed study of motion in accelerated coordinate systems.

Newton’s “quantity of motion” is the momentum p, defined as the product p = mwv of a particle’s mass
m (how much stuff there is) and its velocity (how fast it is moving). In order to convert the Second Law
into a meaningful equation, we must know how the force F' depends on the coordinates (or possibly
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velocities) themselves. This is known as a force law. Examples of force laws include:

Constant force: F=—-mg
Hooke’s Law: F=—kx
Gravitation: F = —-GMm~7/r?
v
Lorentz force: F=gqE+qgq—xB
c

Fluid friction (v small): F=—-bv

Note that for an object whose mass does not change we can write the Second Law in the familiar form
F = ma, where a = dv/dt = d*/dt? is the acceleration. Most of our initial efforts will lie in using
Newton’s Second Law to solve for the motion of a variety of systems.

The Third Law is valid for the extremely important case of central forces which we will discuss in great
detail later on. Newtonian gravity — the force which makes the planets orbit the sun — is a central force.
One consequence of the Third Law is that in free space two isolated particles will accelerate in such a

way that F; = —F, and hence the accelerations are parallel to each other, with
@ __m 1.4
az m1

where the minus sign is used here to emphasize that the accelerations are in opposite directions. We can
also conclude that the total momentum P = p; + ps is a constant, a result known as the conservation of
momentum.

1.1.2 Aside: inertial vs. gravitational mass

In addition to postulating the Laws of Motion, Newton also deduced the gravitational force law, which
says that the force F;; exerted by a particle i by another particle j is

_ Ti T
where G, the Cavendish constant (first measured by Henry Cavendish in 1798), takes the value
G = (6.6726 £ 0.0008) x 107N - m?/kg? . (1.6)

Notice Newton’s Third Law in action: F;; + F;; = 0. Now a very important and special feature of this
“inverse square law” force is that a spherically symmetric mass distribution has the same force on an
external body as it would if all its mass were concentrated at its center. Thus, for a particle of mass m

-~ R.r and obtain

near the surface of the earth, we can take m, = m and m ;= M., withr, — 7 ;

F = —mgr =—mg (1.7)
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where 7 is a radial unit vector pointing from the earth’s center and g = GM./R? ~ 9.8m/s? is the
acceleration due to gravity at the earth’s surface. Newton’s Second Law now says that a = —g, i.e.
objects accelerate as they fall to earth. However, it is not a priori clear why the inertial mass which enters
into the definition of momentum should be the same as the gravitational mass which enters into the force
law. Suppose, for instance, that the gravitational mass took a different value, m’. In this case, Newton's

Second Law would predict

ml

a=-"g (1.8)

and unless the ratio m’/m were the same number for all objects, then bodies would fall with different
accelerations. The experimental fact that bodies in a vacuum fall to earth at the same rate demonstrates
the equivalence of inertial and gravitational mass, i.e. m’ = m.

1.2 Examples of Motion in One Dimension

To gain some experience with solving equations of motion in a physical setting, we consider some phys-
ically relevant examples of one-dimensional motion.

1.2.1 Uniform force

With F' = —myg, appropriate for a particle falling under the influence of a uniform gravitational field,
we have m d%/dt?> = —mg, or & = —g. Notation:

. dx . dx s dx

T = _t s T = ﬁ s T = ﬁ s etc. (19)

With v = #, we solve dv/dt = —g:

t
o= O/ds =9 (1.10)

v(t) —v(0) = —gt
Note that there is a constant of integration, v(0), which enters our solution.

We are now in position to solve dz/dt = v:

. (1.11)
x(t) = z(0) + /ds [v(0) — gs]

0
= 2(0) + v(0)t — L gt

Note that a second constant of integration, x(0), has appeared.
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1.2.2 Uniform force with linear frictional damping

In this case,
dv

L = _mg— 1.12
M= = —mg =Y (1.12)
which may be rewritten
A v

dIn(v + mg/v) = —(y/m)dt

Integrating then gives

t
(o) =
9 (1.14)
oty = -9 4 <v(0) + @> e~Tt/m
v v
Note that the solution to the first order ODE m® = —mg — v entails one constant of integration, v(0).
One can further integrate to obtain the motion
z(t) = 2(0) + = <v(0) + @> 1—et/my M9y (1.15)
v v v
The solution to the second order ODE mi = —mg — ~yi thus entails two constants of integration: v(0) and
x(0). Notice that as ¢ goes to infinity the velocity tends towards the asymptotic value v = —v,, where
Voo = mg/~. This is known as the terminal velocity. Indeed, solving the equation v = 0 gives v = —vuo.

The initial velocity is effectively “forgotten” on a time scale 7 = m/~.

Electrons moving in solids under the influence of an electric field also achieve a terminal velocity. In this
case the force is not F' = —mg but rather F' = —eFE, where —e is the electron charge (e > 0) and FE is the
electric field. The terminal velocity is then obtained from

Voo = eE/y=erE/m . (1.16)
The current density is a product:
current density = (number density) x (charge) x (velocity)

thus

j=n-(—e) (—vy) = E . (1.17)

The ratio j/FE is called the conductivity of the metal, 0. According to our theory, o = ne?r/m. This is one
of the most famous equations of solid state physics! The dissipation is caused by electrons scattering off
impurities and lattice vibrations (“phonons”). In high purity copper at low temperatures (7' < 4 K), the
scattering time T is about a nanosecond (7 ~ 1079 s).
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1.2.3 Uniform force with quadratic frictional damping

At higher velocities, the frictional damping is proportional to the square of the velocity. The frictional
force is then F; = —cv? sgn (v), where sgn (v) is the sign of v: sgn (v) = +1if v > 0 and sgn (v) = —1
if v < 0. (Note one can also write sgn (v) = v/|v| where |v| is the absolute value.) Why all this trouble
with sgn (v)? Because it is important that the frictional force dissipate energy, and therefore that F; be
oppositely directed with respect to the velocity v. We will assume that v < 0 always, hence F; = +cv?.

Notice that there is a terminal velocity, since setting v = —g + (¢/ m)v2 = 0 gives v = v, Where
Voo = y/mg/c. One can write the equation of motion as

dv g
i UT(U2 — k) (1.18)

1 1 1 1
= — 1.19
v2 =02 2 [v—voo ’U—H}OO] (1.19)

and using

we obtain

dv 1 dv 1 dv

12 =02 2000V —Uso  2U00 U+ Vo

(1.20)
1 Voo —VY) g
B 2voodln (voo +v> vk dt
Assuming v(0) = 0, we integrate to obtain
1 Voo — V(1) gt
1 = 5 1.21
Qoo <voo + v(t)> v2, (1.21)
which may be massaged to give the final result
v(t) = —veo tanh(gt /vso) - (1.22)

Recall that the hyperbolic tangent function tanh(z) is given by

sinh(z) e*—e™®
tanh(z) = = . 1.23
anh(z) cosh(z) e*+4e® (1.23)

Again, as t — oo one has v(t) = —vu, L. V(00) = —Vc.

Advanced Digression: To gain an understanding of the constant ¢, consider a flat surface of area S
moving through a fluid at velocity v (v > 0). During a time At, all the fluid molecules inside the volume
AV = S - v At will have executed an elastic collision with the moving surface. Since the surface is
assumed to be much more massive than each fluid molecule, the center of mass frame for the surface-
molecule collision is essentially the frame of the surface itself. If a molecule moves with velocity « is the
laboratory frame, it moves with velocity © — v in the center of mass (CM) frame, and since the collision
is elastic, its final CM frame velocity is reversed, to v — u. Thus, in the laboratory frame the molecule’s
velocity has become 2v—wu and it has suffered a change in velocity of Au = 2(v—u). The total momentum



1.2. EXAMPLES OF MOTION IN ONE DIMENSION 7

change is obtained by multiplying Au by the total mass M = o AV, where g is the mass density of the
fluid. But then the total momentum imparted to the fluid is

AP =2(v—u)-pSvAt (1.24)

and the force on the fluid is AP

F = Ar =2Sov(v—u) . (1.25)
Now it is appropriate to average this expression over the microscopic distribution of molecular velocities
u, and since on average (u) = 0, we obtain the result (F) = 2S9v?, where (- --) denotes a microscopic
average over the molecular velocities in the fluid. (There is a subtlety here concerning the effect of
fluid molecules striking the surface from either side — you should satisfy yourself that this derivation is
sensible!) Newton’s Third Law then states that the frictional force imparted to the moving surface by
the fluid is F; = —(F) = —cv?, where ¢ = 2Sp. In fact, our derivation is too crude to properly obtain
the numerical prefactors, and it is better to write ¢ = ppS, where 1 is a dimensionless constant which

depends on the shape of the moving object.

1.2.4 Crossed electric and magnetic fields

Consider now a three-dimensional example of a particle of charge ¢ moving in mutually perpendicular
FE and B fields. We'll throw in gravity for good measure. We take £ = E2, B = Bz, and g = —gZ. The
equation of motion is Newton’s 2nd Law again:

mi=mg+qE+17xB . (1.26)
The RHS (right hand side) of this equation is a vector sum of the forces due to gravity plus the Lorentz
force of a moving particle in an electromagnetic field. In component notation, we have
B
ma = qF + K Y
c

B

4B, (127)
c

mzZ = —mg

my =

The equations for coordinates x and y are coupled, while that for z is independent and may be immedi-
ately solved to yield
2(t) = 2(0) + 2(0) t — 2gt* . (1.28)

The remaining equations may be written in terms of the velocities v, = & and v, = :

i}x = wc(vy + uD) (1 29)
(0

y —We Uy

where w. = ¢B/mc is the cyclotron frequency and u, = cE/B is the drift speed for the particle. As we shall
see, these are the equations for a harmonic oscillator. The solution is

v, (t) = v,(0) cos(wct) + (v,(0) + up) sin(w,t)

(1.30)
v, (t) = —up + (v, (0) + up) cos(w,t) — v,(0) sin(w,t)
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Integrating again, the full motion is given by:

z(t) = x(0) + A sind + A sin(w.t — J)

(1.31)
y(r) =y(0) —upt — Acosd + A cos(w,t —0)
where
_ L/ ; 2 o1 (900) 4+ up
Thus, in the full solution of the motion there are six constants of integration:
z(0) ,y(0) ,=20) ,A ,d5 ,20) . (1.33)

Of course instead of A and ¢ one may choose as constants of integration #(0) and y(0).

1.2.5 Pause for Reflection

In mechanical systems, for each coordinate, or “degree of freedom,” there exists a corresponding second
order ODE. The full solution of the motion of the system entails two constants of integration for each
degree of freedom.

1.3 Work-Energy Theorem

Consider a system of many particles, with positions r; and velocities 7,. The kinetic energy of this
system is
T=>T,=> tm#} . (1.34)
i i

Now let’s consider how the kinetic energy of the system changes in time. Assuming each m, is time-
independent, we have

ddt =m;r, T, . (1.35)

Here, we’ve used the relation

d, o dA
E(A)_QA = (1.36)

We now invoke Newton’s 2nd Law, m,;#, = F;, to write eqn. 1.35 as TZ = F, - 7,. We integrate this
equation from time ¢, to t:

tB tB
dr;
e R L5 LL R S 137
taA ta ‘

where W*7™ is the total work done on particle i during its motion from state A to state B, Clearly the
total kinetic energy is 7' = Y, 7; and the total work done on all particles is W®*~® = >~ W " Eqn.
1.37 is known as the work-enerqy theorem. It says that In the evolution of a mechanical system, the change
in total kinetic energy is equal to the total work done: T™® — T = WA =B),
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path II

Ys T o @
A
Yat A >
path I

| |

[ [

'T'IA :‘EB

Figure 1.1: Two paths joining points A and B.
1.4 Conservative and Nonconservative Forces

For the sake of simplicity, consider a single particle with kinetic energy 7" = %mi‘? The work done on
the particle during its mechanical evolution is

tB
WAB) = / dtF v | (1.38)
tA

where v = 7. This is the most general expression for the work done. If the force F' depends only on the
particle’s position 7, we may write dr = v dt, and then

rB
W (A=B) :/d'r -F(r) . (1.39)
TA
Consider now the force
F(ry=K,yz+Kyzy , (1.40)

where K| , are constants. Let’s evaluate the work done along each of the two paths in fig. 1.1:

B

YyB
wo = K, dx y, + K, dy vy = Ky (5EB - 5UA) + Ky xp (ZJB - yA)

o ya (1.41)

B YB
wan — Kl dwyB _|_K2/dyxA = KlyB (CL‘B —IL'A) +K29€A(y13 _yA)

TA Ya
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Note that in general W® 2 W, Thus, if we start at point A, the kinetic energy at point B will depend
on the path taken, since the work done is path-dependent.

The difference between the work done along the two paths is
WO — W = (K, — Ky) (w5 — xa) (Y5 — Ya) - (1.42)

Thus, we see that if K| = K,, the work is the same for the two paths. In fact, if K; = K,, the work
would be path-independent, and would depend only on the endpoints. This is true for any path, and
not just piecewise linear paths of the type depicted in fig. 1.1. The reason for this is Stokes’ theorem:

%dﬂ-F:/dSﬁ-VxF . (1.43)
ac c

Here, C is a connected region in three-dimensional space, C is mathematical notation for the boundary
of C, which is a closed pathl, dS is the scalar differential area element, n is the unit normal to that
differential area element, and V x F'is the curl of F"

& g 2
VxF_da|2 2 2
F, F, F. (1.44)
_(OF. OB\, (OF. OR\. . (0F, OF).
—\ 0y 0z 0z ox Y oz oy
For the force under consideration, F'(r) = K, y& + K, x y, the curl is
VxF=(K,—K)% , (1.45)

which is a constant. The RHS of eqn. 1.43 is then simply proportional to the area enclosed by C. When
we compute the work difference in eqn. 1.42, we evaluate the integral §d¢ - F along the path ;! o v,
c

which is to say path I followed by the inverse of path I In this case, 7 = 2 and the integral of n- V x F'
over the rectangle C is given by the RHS of eqn. 1.42.

When V x F = 0 everywhere in space, we can always write F' = —VU, where U(r) is the potential
energy. Such forces are called conservative forces because the total energy of the system, £ = T' 4 U, is then
conserved during its motion. We can see this by evaluating the work done,

TB B
WA—D :/dr -F(r) = — /dr VU =U(r,) —U(ry) . (1.46)
TA TA

The work-energy theorem then gives
T® —TW =U(r,) = U(rg) (1.47)

which says
E® =T® L U(ry) =T +U(r,) = E® . (1.48)

Thus, the total energy £ = T + U is conserved.

'If C is multiply connected, then OC is a set of closed paths. For example, if C is an annulus, dC is two circles, corresponding to
the inner and outer boundaries of the annulus.
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1.4.1 Example: integrating F = —VU

If V x F =0, we can compute U (r) by integrating, viz.

r

U(r)=U(0) — /dr' “F(r') . (1.49)

0

The integral does not depend on the path chosen connecting 0 and r. For example, we can take

(2,0,0) (,9,0) (z,y,2)
U(z,y,z) =U(0,0,0) — /dm’ F,(2',0,0) — /dy' Fy(z,y,0) — /dz' F.(z,y,2) . (1.50)
(0,0,0) (2,0,0) (2,,0)

The constant U (0, 0, 0) is arbitrary and impossible to determine from F' alone.

As an example, consider the force

F(r)=—kya —key—4b2 2 | (1.51)

(5 -5)
V><F :< 9% >
vxr).~ (3 8ay>:°’

so V x F = 0 and F must be expressible as F' = —VU. Integrating using eqn. 1.50, we have

where k£ and b are constants. We have

V><F 0

0 (1.52)

(2,0,0) (z,y,0) z,Y,2)
U(z,y,z) =U(0,0,0) /dazk‘ 0 + /dy kxy' + /dz 4bs"3
(0,0,0) (2,0,0) (2,9,0) (1'53)

=U(0,0,0) + kzy + bz*

Another approach is to integrate the partial differential equation VU = —F'. This is in fact three equa-
tions, and we shall need all of them to obtain the correct answer. We start with the -component,

ou

=k (1.54)

Integrating, we obtain
Ulz,y,2) = kzy + f(y, 2) (1.55)



12 CHAPTER 1. ELEMENTARY MECHANICS

where f(y, z) is at this point an arbitrary function of y and z. The important thing is that it has no z-
dependence, so 0f/0x = 0. Next, we have

aa—g =kr = U(x,y,2)=key+g(z,z) . (1.56)
Finally, the z-component integrates to yield

8@_U =4b = Ulx,y,z) = bzt + h(z,y) . (1.57)
z

We now equate the first two expressions:
kxy + f(y,z) = kxy + g(x,2) . (1.58)

Subtracting kzy from each side, we obtain the equation f(y, z) = g(z, z). Since the LHS is independent
of z and the RHS is independent of y, we must have

fly:2) = g(z,2) =q(2) (1.59)
where ¢(z) is some unknown function of z. But now we invoke the final equation, to obtain
b2t 4 hiz,y) = kay + q(z) . (1.60)
The only possible solution is h(z,y) = C + kxy and ¢(z) = C + bz*, where C is a constant. Therefore,

Ulz,y,2) = C + kay + bzt . (1.61)

Note that it would be very wrong to integrate U /0x = ky and obtain U (z, y, z) = kxy +C’, where C’ is a
constant. As we’ve seen, the ‘constant of integration” we obtain upon integrating this first order PDE is
in fact a function of y and z. The fact that f(y, z) carries no explicit  dependence means that df/0x = 0,
so by construction U = kxy + f(y, z) is a solution to the PDE 0U/0x = ky, for any arbitrary function

f(y,2).

1.4.2 Conservative Fofrces in many-particle systems

T =Y gm#;
U= ZV(ri) + Zv(m - 'rj|)

1<j

(1.62)

Here, V (r) is the external (or one-body) potential, and v(r — r’) is the interparticle potential, which we
assume to be central, depending only on the distance between any pair of particles. The equations of
motion are

m; i, = B+ B (1.63)
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with
Fyi(ext) _ _8V(7‘,~)
87‘2'
, ov(|r; — rj|) . (1.64)
(int) __ 1 J _ (int)
j ! j
(int) & . I
Here, F; " is the force exerted on particle i by particle j:
, ov(|ri — 7)) i — T
F = I = T (I — i) . 1.65
i or; |7°z—?“jlv(| el (169
Note that F;;-“t) = —Fj(;-““), otherwise known as Newton’s Third Law. It is convenient to abbreviate
r;; = r; — r;, in which case we may write the interparticle force as
F‘Z-?nt) — _/ﬁlj v/ (TZ]) . (1.66)
1.4.3 Linear and angular momentum
Consider now the total momentum of the system, P = ). p,. Its rate of change is
ant)"_Fj(z%m):O
AP . o) = (ext)
o ZP@ - ZFZ + ZFZJ = Fie (1.67)
i i 1#]
since the sum over all internal forces cancels as a result of Newton’s Third Law. We write
P=> mg,=MR
i
M = Z m,; (total mass) (1.68)
i
M T
R = 2imiTi (center-of-mass)
D2 M

Next, consider the total angular momentum,

L= r,xp,=Y mmr, x# . (1.69)



14 CHAPTER 1. ELEMENTARY MECHANICS

The rate of change of L is then

dL ) ) ..
E = Z {miri X r; —|—mi'rl- X 'ri}
1

_ (ext) (int)
=Y X F 4y v x F
7

i#j

X FS =0 (1.70)
= Zri % I;-Ii(cxt)+ %Z(rl _ rj) « F-.i(;nc)
i i#j
- N
Finally, it is useful to establish the result
T=3% mii = MR+ 53 mi(i —~ R)* (1.71)
i i

which says that the kinetic energy may be written as a sum of two terms, those being the kinetic energy
of the center-of-mass motion, and the kinetic energy of the particles relative to the center-of-mass.

Recall the “work-energy theorem” for conservative systems,

final final final
Oz/dE:/dT+/dU
initial ~ initial initial (1.72)

o [ K,
7

which is to say

AT =T® —TW = Z/dri F,=-AU . (1.73)

In other words, the total energy E' = T+ U is conserved:

E=3 gma#i+Y V(r)+> v(ri—nl) (1.74)

i<j
Note that for continuous systems, we replace sums by integrals over a mass distribution, viz.
Y omo(r) — [drp(r)o(r) (1.75)
i

where p(r) is the mass density, and ¢(r) is any function.
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1.5 Scaling of Solutions for Homogeneous Potentials

1.5.1 Euler’s theorem for homogeneous functions

In certain cases of interest, the potential is a homogeneous function of the coordinates. This means
UAry, ..o Ary) =N U (e, ry) (1.76)

Here, k is the degree of homogeneity of U. Familiar examples include gravity,

U(rl,...,rN):—GZ‘T‘_T“ o k=-1 (1.77)
i<j i J
and the harmonic oscillator,
Uy 1@n) =3 Vo Qoo ; k=42 . (1.78)

The sum of two homogeneous functions is itself homogeneous only if the component functions them-
selves are of the same degree of homogeneity. Homogeneous functions obey a special result known as

Euler’s Theorem, which we now prove. Suppose a multivariable function H(z, ..., z,) is homogeneous:
H\xy, ... z,) =\ H(xy, .. x,) (1.79)
Then
d s
—| H . = — =kH . 1.
N (/\ Ty, ,)\azn) x, oz, (1.80)

=1 =1

1.5.2 Scaled equations of motion

Now suppose the we rescale distances and times, defining

ro=af , t=Bi . (1.81)
Then
dri _ o dry dri _ o d'F (1.82)
e g dt 2 B% d> '
The force F; is given by
0
Fz:_ar, U(rh >TN)
’8 . - (1.83)
:_8(047:2)04 U(T17 7TN):a T F
Thus, Newton’s 2nd Law says
a dz'f;l E—1 +

—m,— =" 'F . (1.84)
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If we choose 3 such that

We now demand

a _ _1
? =af 1 = 8= al=2k , (1.85)
then the equation of motion is invariant under the rescaling transformation! This means that if () is

. . , . 1 L .
a solution to the equations of motion, then so is ar(a2*"'t). This gives us an entire one-parameter

family of solutions, for all real positive a.

If r(t) is periodic with period T, the r,(t; o) is periodic with period 7" = a'=2F T Thus,

/ / 1—%]@
(Y- () 159

Here, a = L'/L is the ratio of length scales. Velocities, energies and angular momenta scale accordingly
Thus

[v]:% = %:% %:a%k (1.87)
and , ,
[E] = ]\gﬂ = % = <%> /<§> =a" (1.88)
and
0= = (5] T =
As examples, consider:
(i) Harmonic Oscillator : Here k = 2 and therefore
1r(t) — g, (t; ) = g, (1) . (1.90)
Thus, rescaling lengths alone gives another solution.
(ii) Kepler Problem : This is gravity, for which k = —1. Thus,
r(t) — r(ta) = om(of?’/2 t) . (1.91)

Thus, 7% « t?, i.e.
'\ [TV
— | == 1.92
(Z)-(z) as

also known as Kepler’s Third Law.
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1.6 Description as a Dynamical System

For one-dimensional mechanical systems, Newton’s second law reads

mi = F(z) . (1.93)
A system is conservative if the force is derivable from a potential: F' = —dU/dz. The total energy,
E=T+U=4imi*+U(z) , (1.94)

is then conserved. This may be verified explicitly:

dE _ d

Tl [%mxz + U(:L')]

(1.95)
- [mm + U'(;U)] i=0

Conservation of energy allows us to reduce the equation of motion from second order to first order:

dx 2
== iJ = (E — U(m)) : (1.96)

Note that the constant £ is a constant of integration. The + sign above depends on the direction of
motion. Points x(E) which satisfy

E=U(@x) = z(E)=UYE) , (1.97)

where U~! is the inverse function, are called turning points. When the total energy is E, the motion of
the system is bounded by the turning points, and confined to the region(s) U(z) < E. We can integrate
eqn. 1.96 to obtain

t(z) — t(z,) (1.98)

-

This is to be inverted to obtain the function z(¢). Note that there are now two constants of integration, £
and z,. Since
E=Ey=imvi +U(zy) (1.99)

we could also consider z, and v, as our constants of integration, writing F in terms of z, and v,. Thus,
there are two independent constants of integration.

For motion confined between two turning points = (£), the period of the motion is given by

e (E
7(5) = vam [

z_(F)

(1.100)

)
vl
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1.6.1 Example : harmonic oscillator

In the case of the harmonic oscillator, we have U(z) = %sz, hence

dt [ m

The turning points are =, (E) = ++/2E/k, for E > 0. To solve for the motion, let us substitute

T =1/ % sinf . (1.102)
dt = ,/% a9 (1.103)

We then find

with solution

6(t) =0y +wt (1.104)
where w = y/k/m is the harmonic oscillator frequency. Thus, the complete motion of the system is given
by

z(t) =4/ % sin(wt +6,) . (1.105)

Note the two constants of integration, E and 6.

1.6.2 One-dimensional mechanics as a dynamical system

Rather than writing the equation of motion as a single second order ODE, we can instead write it as two
coupled first order ODEs, viz.

dr

E =0

@ _ lF(x) (1.106)
dt m

This may be written in matrix-vector form, as

% (i) B <% Fv(aj)> ' (1.107)

This is an example of a dynamical system, described by the general form

de

— = 1.1

A CONE (1.108)
where ¢ = (p;,...,¢,) is an N-dimensional vector in phase space. For the model of eqn. 1.107, we

evidently have N = 2. The object V' (¢) is called a vector field. It is itself a vector, existing at every point
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in phase space, R. Each of the components of V'(¢) is a function (in general) of all the components of
p:
Vi =Vi(ey,-- - on) (j=1,...,N) . (1.109)

Solutions to the equation ¢» = V' (¢) are called integral curves. Each such integral curve ¢(t) is uniquely
determined by N constants of integration, which may be taken to be the initial value ¢(0). The collection
of all integral curves is known as the phase portrait of the dynamical system.

In plotting the phase portrait of a dynamical system, we need to first solve for its motion, starting from
arbitrary initial conditions. In general this is a difficult problem, which can only be treated numeri-
cally. But for conservative mechanical systems in d = 1, it is a trivial matter! The reason is that energy
conservation completely determines the phase portraits. The velocity becomes a unique double-valued

function of position, v(z) = £/ 2Z (E — U(z)). The phase curves are thus curves of constant energy.

1.6.3 Sketching phase curves

To plot the phase curves,

(i) Sketch the potential U(x).

(ii) Below this plot, sketch v(z; E) = £4/ 2 (E — U(x)).

(iii) When F lies at a local extremum of U(z), the system is at a fixed point.

(a) For E slightly above E,,;,, the phase curves are ellipses.
(b) For E slightly below E,,.., the phase curves are (locally) hyperbolae.

(c) For £ = E,,,., the phase curve is called a separatrix.
(iv) When E > U(c0) or E > U(—0o0), the motion is unbounded.

(v) Draw arrows along the phase curves: to the right for v > 0 and left for v < 0.

The period of the orbit 7'(F) has a simple geometric interpretation. The area A in phase space enclosed
by a bounded phase curve is

z1(E)
A(E) = 7{@ dr =[5 /dx’ VE-U@) . (1.110)
E z_(E)
Thus, the period is proportional to the rate of change of A(E) with E:
T=m o4 . (1.111)

OF
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Figure 1.2: A potential U(z) and the corresponding phase portraits (with separatrices in red).

1.6.4 Fixed points and their vicinity

A fixed point (z*,v*) of the dynamics satisfies U’(z*) = 0 and v* = 0. Taylor’s theorem then allows us
to expand U(z) in the vicinity of z*:
Uz) =U(z*) + U'(z*) (x — 2*) + 3U" (2%) (xz — z*)? + U (z%) (z — ¥4+ (1.112)

Since U’(z*) = 0 the linear term in dz = x — z* vanishes. If dz is sufficiently small, we can ignore the
cubic, quartic, and higher order terms, leaving us with

U(0z) ~ Uy + $k(0z)* (1.113)
where U, = U(z*) and k = U"(2*) > 0. The solutions to the motion in this potential are:

U'(z*) >0 : dx(t) = dx, cos(wt) + (Lﬂ sin(wt)
(1.114)

U'(z*) <0 : dz(t) = dxy cosh(vt) + 5% sinh(yt)

where w = \/k/m for k > 0 and v = y/—k/m for k < 0. The energy is
E=Uy+ $m (0vy)® + 5k (0z4)* . (1.115)
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For a separatrix, we have E = U, and U”(z*) < 0. From the equation for the energy, we obtain dv, =
+vdx,. Let’s take dv, = —vdx, so that the initial velocity is directed toward the unstable fixed point
(UFP). Le. the initial velocity is negative if we are to the right of the UFP (éz, > 0) and positive if we are
to the left of the UFP (6z, < 0). The motion of the system is then

dx(t) = 0z exp(—t) . (1.116)

The particle gets closer and closer to the unstable fixed point at 6= = 0, but it takes an infinite amount of
time to actually get there. Put another way, the time it takes to get from dz, to a closer point éx < 0z, is

t=~"1ln <5ﬂ> . (1.117)

This diverges logarithmically as d — 0. Generically, then, the period of motion along a separatrix is infinite.

1.6.5 Linearized dynamics in the vicinity of a fixed point

Linearizing in the vicinity of such a fixed point, we write dz = z — 2* and dv = v — v*, obtaining

d [z 0 1 ox
a((;) - (_%U,,(m*) 0) <5> i (1.118)

This is a linear equation, which we can solve completely.

Consider the general linear equation ¢ = A ¢, where A is a fixed real matrix. Now whenever we have
a problem involving matrices, we should start thinking about eigenvalues and eigenvectors. Invariably,
the eigenvalues and eigenvectors will prove to be useful, if not essential, in solving the problem. The
eigenvalue equation is

A, =\, 1, . (1.119)

Here 1, is the o' right eigenvector’ of A. The eigenvalues are roots of the characteristic equation P()\) =
0, where P(\) = det(\ -1 — A). Let’s expand ¢(t) in terms of the right eigenvectors of A:

e(t)=> Colt) ¥, - (1.120)

Assuming, for the purposes of this discussion, that A is nondegenerate, and its eigenvectors span RY,
the dynamical system can be written as a set of decoupled first order ODEs for the coefficients C,, (t):

c,=X,C, , (1.121)

with solutions
C,(t) = C,(0) exp(A\t) . (1.122)

If Re (A\a) > 0, C(t) flows off to infinity, while if Re (A) > 0, C,(t) flows to zero. If |\o| = 1, then C,(t)
oscillates with frequency Im (\,).

’If A is symmetric, the right and left eigenvectors are the same. If A is not symmetric, the right and left eigenvectors differ,
although the set of corresponding eigenvalues is the same.
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Tix) %] | v L wx) 0

Ti(x) vix) 0 .! f—m : =1 {

Figure 1.3: Phase curves in the vicinity of centers and saddles.

For a two-dimensional matrix, it is easy to show — an exercise for the reader — that
PN =X —-TX+D (1.123)

where T = Tr(A) and D = det(A). The eigenvalues are then

Ay =iT+1/T2-4D . (1.124)

We'll study the general case in Physics 110B. For now, we focus on our conservative mechanical system
of eqn. 1.118. The trace and determinant of the above matrix are 7’ = 0 and D = % U”(xz*). Thus, there
are only two (generic) possibilities: centers, when U”(z*) > 0, and saddles, when U” (z*) < 0. Examples
of each are shown in fig. 1.2.

1.7 Appendix: Examples of Conservative One-Dimensional Systems

1.7.1 Harmonic oscillator

Recall again the harmonic oscillator, discussed in lecture 3. The potential energy is U(z) = $kz%. The
equation of motion is
d*x au
A T T de T ’
where m is the mass and & the force constant (of a spring). With v = i, this may be written as the NV = 2

system,
% (i) - <—212 é) (i) = <_(jz x) : (1.126)

(1.125)
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e
i iy

Figure 1.4: Phase curves for the harmonic oscillator.

where w = y/k/m has the dimensions of frequency (inverse time). The solution is well known:

z(t) = x, cos(wt) + % sin(wt) (1.127)

v(t) = v, cos(wt) — wx;, sin(wt)
The phase curves are ellipses:
wo () +wy Lo (t) = C (1.128)

where C'is a constant, independent of time. A sketch of the phase curves and of the phase flow is shown
in fig. 1.4. Note that the x and v axes have different dimensions.

Energy is conserved:
E = imv® + 1ka® . (1.129)

Therefore we may find the length of the semimajor and semiminor axes by setting v = 0 or x = 0, which

gives
[2FE [2F
wmax = 7. ? Umax = - ° (1 '130)
k m

The area of the elliptical phase curves is thus

o0 E
AB) =7z, v, = \/ﬂ—m_k . (1.131)

0A m
T(B) =mys =2m [ . (1.132)

The period of motion is therefore

which is independent of E.
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1.7.2 Pendulum

Next, consider the simple pendulum, composed of a mass point m affixed to a massless rigid rod of
length ¢. The potential is U(§) = —mgl cos §, hence

mi?=—— = —mglsinf . (1.133)

d (0 w
dt <w> N (—w% sin9> ’ (1.134)

where w = 6 is the angular velocity, and where w, = /g /¢ is the natural frequency of small oscillations.

This is equivalent to

The conserved energy is
E=1imP*+U(@0) . (1.135)

Assuming the pendulum is released from rest at § = 0,

2F

2

= 6% — 2w2 cosf = —2w?2 cosl, . (1.136)
mb 0 0 0

The period for motion of amplitude 6, is then

= iK(sin2 %90) , (1137)

0
T(@)_ﬁ/od—e
07wy ) \eos@ —cosby  wo
0

where K(z) is the complete elliptic integral of the first kind. Expanding K (z), we have

2
T(6,) = w_”{1 + Lsin? (36,) + & sin® (36,) + ... } : (1.138)
0
For 6, — 0, the period approaches the usual result 27 /w,, valid for the linearized equation § = —w3 6.

As 6y — 3, the period diverges logarithmically.

The phase curves for the pendulum are shown in fig. 1.5. The small oscillations of the pendulum are
essentially the same as those of a harmonic oscillator. Indeed, within the small angle approximation,
sinf ~ 6, and the pendulum equations of motion are exactly those of the harmonic oscillator. These
oscillations are called librations. They involve a back-and-forth motion in real space, and the phase
space motion is contractable to a point, in the topological sense. However, if the initial angular velocity
is large enough, a qualitatively different kind of motion is observed, whose phase curves are rotations. In
this case, the pendulum bob keeps swinging around in the same direction, because, as we’ll see in a later
lecture, the total energy is sufficiently large. The phase curve which separates these two topologically
distinct motions is called a separatrix.
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Figure 1.5: Phase curves for the simple pendulum. The separatrix divides phase space into regions of
rotation and libration.

1.7.3 Other potentials

Using the phase plotter application written by Ben Schmidel, available on the Physics 110A course web
page, it is possible to explore the phase curves for a wide variety of potentials. Three examples are
shown in the following pages. The first is the effective potential for the Kepler problem,

ko 02

Uun(r) = ——+ 2 (1.139)

about which we shall have much more to say when we study central forces. Here r is the separation
between two gravitating bodies of masses m; 5, u = mymy/(m; + m,) is the ‘reduced mass’, and k =

G'm,m,, where G is the Cavendish constant. We can then write
1 1
Ua(r)=Uo =~ t+ 53 (1.140)

where r, = ¢2/uk has the dimensions of length, and = = r/r,, and where U, = k/r, = pk*/¢*. Thus,

if distances are measured in units of 7, and the potential in units of U, the potential may be written in

dimensionless form as U (z) = —1 + ;L;.

The second is the hyperbolic secant potential,

U(z) = —Uysech®(z/a) (1.141)
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-1/x+1/(2*x*x)

Figure 1.6: Phase curves for the Kepler effective potential U(z) = —2~! + 1272

which, in dimensionless form, is U/ (x) = —sech?(x), after measuring distances in units of a and potential
in units of U,.
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-4/ (exp(x)+exp(-x))"2

Figure 1.7: Phase curves for the potential U(x) = —sech?(z).

The final example is

Uz) = U, { cos (g) + %}

27

(1.142)
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cos(x)+0.5*%x

Figure 1.8: Phase curves for the potential U (z) = cos(z) + 3.

Again measuring z in units of a and U in units of U, we arrive at U(z) = cos(z) + 3.
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1.8 Appendix: Curvilinear Orthogonal Coordinates

The standard cartesian coordinates are {z,...,z,}, where d is the dimension of space. Consider a dif-
ferent set of coordinates, {q,, ..., q,}, which are related to the original coordinates x,, via the d equations
G = qu (2, xy) (1.143)

In general these are nonlinear equations.

Let ) = &, be the Cartesian set of orthonormal unit vectors, and define é, to be the unit vector perpen-
dicular to the surface dg,, = 0. A differential change in position can now be described in both coordinate
systems:

ds—Ze dz —Zeuhu )dq, (1.144)

where each h,(q) is an as yet unknown function of all the components g,. Finding the coefficient of dg,,
then gives

d d
4 O; g &0
h(q)é, = 5, & Z - (1.145)
i=1 i=1
where L 8
T
M, (q) = —— 22 1.146
The dot product of unit vectors in the new coordinate system is then
ox; 0x;
e, e, =(MM") = e 1.147
€uen=( ) Z < 9qu 9qy ( :
The condition that the new basis be orthonormal is then
Ox; Ox;
Z = h2(q) O - (1.148)

aqM oq

This gives us the relation

d Ox; \2
h(g) = | > < > : (1.149)
Note that
Z h2(g) (dg,)? . (1.150)

For general coordinate systems, which are not necessarlly orthogonal, we have

Z 9,,(0) dg,, dg,, (1.151)
w,r=1

where g,,,(¢) is a real, symmetric, positive definite matrix called the metric tensor.
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Figure 1.9: Volume element {2 for computing divergences.

1.8.1 Example : spherical coordinates

Consider spherical coordinates (p, 8, ¢):
r=psinfcos¢ , y=psinfsing , z=pcosh . (1.152)
It is now a simple matter to derive the results
hg =1 , hi=p* , hi = p% sin? . (1.153)

Thus, R X
ds=pdp+p0df+psinfoddo . (1.154)

1.8.2 Vector calculus : grad, div, curl

Here we restrict our attention to d = 3. The gradient VU of a function U(q) is defined by

oU oU oU
dU = “— dg, + o= dg, + =— d
on h 0o % g3 %
—VU-ds . (1.155)

Thus,
é1 0 é2 0 é 3 0

V= -+ -+ — - 1.156
(@) 00 Tale) 0 Fal) Das (1159

For the divergence, we use the divergence theorem, and we appeal to fig. 1.9:
/dVV-A: asSn-A (1.157)

0 of?
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where (2 is a region of three-dimensional space and 012 is its closed two-dimensional boundary. The
LHS of this equation is

LHS =V - A (h;dq) (hydgs) (hydgs) . (1.158)
The RHS is
q1+dq1 QQ""dQQ q1+dq3
RHS = A, hy hg dqy dqs + Ay hy by dq, dgs + As hy hy dq, dgy
q1 a2 93 (1159)
= {i (Ay hyhy) + 0 (A hy hy) + i(A?, hy h2)] dq, dq, dqs
oq g2 9qs3
We therefore conclude
1 0 0 0
voa- o {a—ql(Al o) + 5 (g ) + 5 (A hQ)} . (1.160)
To obtain the curl V x A, we use Stokes’ theorem again,
/dSﬁ-VxA:]{de-A , (1.161)
x oy

where Y is a two-dimensional region of space and 90X is its one-dimensional boundary. Now consider a
differential surface element satisfying dg; = 0, i.e. a rectangle of side lengths h, dg, and h4 dg,;. The LHS
of the above equation is

LHS = &, - V x A (hydg,) (hg dgg) (1.162)
The RHS is
+d 5 +dg.
RHS = A, hy |7 dgy — Ay hy | dgy
72 s (1.163)
= [i(A?) h3) - i(142 hz)}d‘b dgs
0q2 g3
Therefore . Ohs As) Ol A2)
V x A), = 378) 22) 1.164
( h ha hs3 ( 0q2 0q3 ( )

This is one component of the full result

hié, hyéy hyé,
det | 722 = 2 . (1.165)
hl Al h2 AZ h3 A3

VxA—
x Iy by s

The Laplacian of a scalar function U is given by

VU=V -VU

L L [0 (ko 0y 0 (ks 20 0 (1nh 00) (166
hihahg | Og1 \ hi Oq 02\ he 0go Oz \ hs Og3 '
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Rectangular coordinates

In rectangular coordinates (z,y, z), we have

hy=h,=h,=1 . (1.167)
Thus
ds =z dx+ydy+ 2dz (1.168)
and the velocity squared is
=i+ (1.169)

The gradient is
ou _ou  oU

=T — — — 1.17
vU m8$+yay+zaz (1.170)
The divergence is
04, 04, O0A
A= —= Y = 1.171
v Ox * oy * 0z ( )
The curlis 0A, 0A 04, O0A 04, O0A
A= = — — Yz el F Tl e LA 1172
VX <8y 8z>m+<8z 8$>y+<8$ 8y>z ( )
The Laplacian is
0*’U  9*U  0%U
2rr —
VU = 522 + 92 + 9.2 (1.173)
Cylindrical coordinates
In cylindrical coordinates (p, ¢, z), we have
p==&cosp+ysing , &=pcos¢—dsing , dp=pdo (1.174)
and ) ) )
¢=—xTsing+ycos¢ , Yy=psing+e¢cosp , dop=—pdop . (1.175)
The metric is given in terms of
hy=1 , hy=p , h,=1 . (1.176)
Thus R
ds=pdp+¢pdp+ 2dz (1.177)
and the velocity squared is .
2=+ pPpt + 22 (1.178)
The gradient is
vo—p U 200, 00 (1.179)

Pop " oe 70
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The divergence is

The curl is

A . A
VxA:<1 9A, 0 ¢>ﬁ+<%_8142>¢+<l8(p s 104,

x p
p 0¢ 0z 0z ap p  Op

The Laplacian is
L2 (00 LU o
VU= Coo\Pay) TP o T o

Spherical coordinates

In spherical coordinates (7,0, ¢), we have

7

& sinf cos ¢ + ysinfsin ¢ + 2 sin 6
é:icos@cos¢+@cos€sin¢—20059

¢=—&sinp+gcosgp

for which
rx0=¢ , Oxodp=7 , OPxr=40
The inverse is
a?::ﬁsinécos¢+écosﬁcos¢—qﬁsingb
'g:ﬁsin@sin¢+écos€sin¢+95008525
%2 =1fcos — Osinf
The differential relations are
di = 0 df + sin 0 ¢ do
df = —7df + cos 0 ¢ do
dq’A):—(sinef‘—i-cosHé)d(b
The metric is given in terms of
h.=1 , hy=r |, h¢:rsin9

Thus
ds=7dr+0rdf+ ¢rsinfdo

and the velocity squared is
§% =72 4+ 120% + r? sin?0 ¢*

p 0¢

)

N>

33

(1.180)

(1.181)

(1.182)

(1.183)

(1.184)

(1.185)

(1.186)

(1.187)

(1.188)

(1.189)
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The gradient is

_0U 69U ¢ U
VU_T‘W—I_;W—FTSHI@ %
The divergence is
1 0(r4,) 1 O(sind Ap) 1 04,
V'A_r_2 or +rsin9 00 rsinf O0¢
The curl is
. 1 8(Sin9A¢) 8A9 ~ 1 1 8147« a(TA¢)
VXA_rsnm( o0 00 ) T \Gne g
1 (0(rdg) O0A, )\ :
T ( o 00 >¢
The Laplacian is

r2sinf 00

9y, 1 0 (50U 1 o[, ,0U 10U
VU =—5 —(r"—— )+ sin ¢ +7r2sin29W

r2 Or or

Kinetic energy

Note the form of the kinetic energy of a point particle:

ds\?
r=in(3)

D=

m(&? + g% + %)

m(p2 +P2¢2)

D=

%m(p2+p2¢2+22)

m(%2 + 726% 4 12 sin%0 <;52)

N~

00

(3D Cartesian)

(2D polar)
(3D cylindrical)

(3D polar)

or

(1.190)

(1.191)

(1.192)

(1.193)

(1.194)
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