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Homework 1, solutions
1. (a) From the Killing equation, V,K, + V,K, = 0 taking one derivative,

V. V,K,+V, VK, =0
~V,V,K,~V,V,K, =0
Y,V K, +V,V,K, =0

Adding these we have
(Vuvp + vpvu)Ka = [Vm vu]Kp + [Vm Vp]Ku'

Add [V,,V,]|K, to both sides to obtain (twice) what we are looking for in terms of

commutators of derivatives:
2V, V,K; = [V, VK, + Ve, VK, + [V, V,|K,.
Fro the very definition of curvature we have, for any vector field A*,
[vw Vo]Ap = Rp/\;wA/\
so we have immediately that
V.V, K, = 2(Rprou + Rurop + Roapp) K7

Now we just need to shuffle indices around a bit. The second term is already of the form
we want, R,nop = Ropur. Write the first term as R\, = Roupn and combine with the
third term using anti-symmetry in the last three indices, Ry pn + Boxpp = —Roprp = Ropur,

which doubles the second term and the result follows,
V.V, K, = Rypn K. (0.1)

(b) We are going to use the Bianchi identity %V#R = V\R*,. Contracting indices in
the solution to part (a), Eq. (0.1) , we have V,V,K,, = R, K*, and taking V* of this,

VPV, VK" = VP (RpK?) = (VPR)\) K + R)\VPK?, (0.2)



Since the Ricci tensor is symmetric in its indices we can replace %V(”K N for VPK? in the
last term on the right hand side, buy by Killing’s equation V@K™ = 0.
So to prove that (VPR,\)K* = 0 we have to show that the left hand side in (0.2)

vanishes:

vpv,u,vpKM — [VP7VN]V’DKM (again, SinCe V(pKH) = 0)
= [vp7 VM]VPKM
— R"WAVPKA + RAWAVMKK)
= R\V’K* — R, , V'K’

=0. (once again, since V(,K,) = 0)

So (VPR,\)K* =0, or, by the Bianchi identity, (V,R)K* =0

2.(a) The pullback is
. ozt oY
g'LJ - ayz angHVa

where z# are coordinates on R? and y’ are coordinates on P, and the map z*(y’) is

X = pcoso
y = psing
z = p?
Compute the derivatives:
g—f)zcosgf) %:Sin¢ Z—Z=2p
ox , oy 0z
%——psmgb %—pcowb %—O

Using g, = 0,,, we have:

o
pp = ap ap

R R ozt ox¥ ) )
9o = Gop = a—p%@w = cos p(—psin @) + sin ¢(pcos @) + 2p(0) = 0

S, = cos® ¢ +sin® ¢ + 4p* = 1 + 4p°

ozt ox”

Gos = 25 ag Om = (—psin)? + (pcos §)? + (0)2 = p?



which is summarized as

ds* = (1 + 4p*)dp? + p*de?

(b)As a matrix, the inverse of §;; is

1
i _ [tz O
2

The push-forward, which i will denote by g*”, generally, is given by

 _ 8m’f (?x”'gij
oyt oyl
Computing:
o or\’ 1 +(9m21 cos? i 1 x2+2
== —— — ) —==———=+sin"¢p=—-
I op) 1442 \06) 227 144 | 1vaz Y
wy Oz Oy 1 ordy 1 singcos¢p | 4p* sin ¢ cos ¢ 4xy
Vs — 2 4 — - — = ——— —gingcosp = — = —
Opopl+4p*  0Opdpp? 1+ 4p? 1+ 4p? 1+4z
e Oxdz 1 +8x6z 1 2pcosg 2z
C Opldpl+dp?  Opopp:  1+4p>  1+4z
_Oyodz 1 dydz 1  2psing 2y

~yz

JR— +__—_ =
Opopl+4p®> 0Opdpp?> 1+4p> 144z

oy\> 1 oy\° 1 in? 1 2
g% = Y Ty —=M+cosz¢=— I 42
op) 1+ 4p? op) p* 14 4p? 2 |1+4z
. (o) 1 (2 1 42 4z
T 7\ep) 1142 " \06) 2 14402 1142

Keep in mind that these are defined only on the sub-manifold P (so, in a sense, it is better

to keep the expressions for g as given in terms of p and ¢.

(c) Not much to do here. g"” = §* is very different from g, but there was no reason

to expect them to be the same.

3. (a) The integral curve of V#(z) = z* is the solution to

dxt(t)
dt

We want a solution that satisfies 2#(0) = x#. The integral is simple:

Th(t) = xte'.



For an integral curve through the origin, z# = 0, the solution above is not a curve but just
a map from the real line to a single point. The reason is that at that point the tangent
field vanishes: the integral curve needs to know in what direction to move!

(b) The map ¢; : R™ — R" takes z* to y* = zt(t) = zte’.

(¢) The push forward is given by

oyt 5
<¢—t*w)#|po = @‘pw |p
Explicitly, this is
O(xtet
(‘bft*W)'u<xo) = (TII)WV(SCOGt) = e*tW“(:coet).

Notice the minus sign in the exponential. This is because the map ¢_, takes y* = x#(t) —

x# which we are writing as z* — e 'z#. The Lie derivative is, by definition,

LyW = lin%% [(P_tx W) (y) — WH(2,)] = %e_tW“(xoet) = —WH(z,) + 220, WH(x,)

(d) [V, W]H = 20, WH — W¥o,a# = 2v0,WH — WH.

This, of course, agrees with the result of part (c).

4. First calculate integral curves of

y—xr 0 y+zx

r ox r ooy
That is, we look for solutions to

dv  y—=x dy  y+=

da dt r

Note that the vector field A has magnitude /2 everywhere, is not defined at the origin
and is tangential to a circle about the origin, pointing in the clockwise direction. So we
expect the integral curves to grow towards the origin as they circulate clockwise.

Now, the fact that A" depends on z/r and y/r cries out for a description in a polar
coordinate system, exactly what the whole formalism is suppose to do for us automatically.
That is, if {™u is a new coordinate system, with £#* = £#(z") and if we denote the vector

field A components in the new coordinate system by A*, then

A = 25



So we take for new coordinates {# = (r, ¢) defined so that x = rcos¢ and y = rsin ¢, that
is
¢ = arctan(y/x) r =4/ +y?

If I can still compute derivatives,

ok cos ¢ sin ¢
ox? —Lsing lcosg)

I have written the result in terms of the coordinates & so we can write A* in terms of those

coordinates:

A" = cos ¢(sin ¢ — cos ¢) + sin p(—sin ¢ — cos @) = —1

A? = —%sinqﬁ(sinqﬁ —cos ) + %Cosqﬁ(— sin ¢ — cos ¢) = —%

The equations for the integral curve are now simple,

1
dr ] @:

dt dt r
If the initial point is (g, ¢g) at t = 0, the solution is 7(t) = ro—t and ¢(t) = ¢o+In(1—1/r9).
In terms of the original coordinates we have then

x(t) = (ro — t) cos(po + In(1 — t/ry)), y(t) = (ro — t)sin(¢o + In(1 — t/rg)).

Here is a plot of the curves. I show three curves, going through (0, 1), (0,2) and (0, 3):
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Things are much simpler for the B field, because it is easy to integrate directly. We

have
dz dy

@~ v
The equation for y(¢) can be integrated immediately, y(¢) = yo/(1+yot). Inseting this in the
equation for z(t) we have x(t) = xo(1+yot). Note that this has z(t)y(t) = xoyo = constant,
so the parametric plot is easily drawn:

20+

151

10

Here T have taken curves that go through = = 0.1 at y = 1,2,3. Of course, there are also
analogous integral curves on the other three quadrants of the cartesian plane. We can also

see both sets of integral curves together:




Finally, compute C = L4B = [A, B], or C* = A”0,B" — B0, A":

e - Y~ x&x(:vy) n (_“Tx) 0, (xy) — [xyax (?) + (=y*)0, (3/ - a:>]

r r
yly =) zlyta) 2wy +o)
r r r3
yt 4 22%y% — 223y — 2

T3
Y=, o, Yyt N Yyt 9 Yyt
or = L0,y + (-5 o) [wwen (- 25) + (<208, (-]
_2yly+a)  2eyi(y — )
- 3
T T

2y(x® + 22y + y3)

_ =

Below is a plot of the vector field C' superimposed on the integral curves of A and B.

You can sketch the integral curves of C' in an obvious way (by stringing vectors together):
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