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Homework 2, solutions

1. (i) Let’s compute the Lie derivative at a point p for a metric satisfying ¢fg = Q2g:
N
Lrgly = 11_{% ¥(¢tg|]7 —glp)

o1
= %1_{% ;(Q?Q‘p - g’p)

= llg%%(ﬁf —1)gl,
402
= ol
More explicitly, we know from class the left hand side has components 2K,.,, while the
right hand side is 6t§22\tzogw = 2wg,,. Hence K,y = wgu.
(i) Contracting indices, g"" K ) = wg'’ g = nw. Hence w = %g“”K(W,) = %g"”Kﬂ;y.

Using this in the conformal Killing condition, K(,.) = wg,,, we have

1
Ky = EK/\;AQW (0.1)

or )
Ky + Koy — EK/\;AQW = 0.

(iii) Using g, = 1. above we have 0,K, + 0,K, — %8 K =0.

(iv) Taking V¥ of we have V2K, + V'V, K, — %V“VVKV = 0. Now note that
the last two terms cancel if n = 2 and the covariant derivatives commute, that is, flat
spacetime. Specializing to this, we have 0*K), = 0 each component of K, satisfied the wave
equation in 1 4+ 1 dimensions. This is solved by arbitrary left and right moving waves:
K,(t,x) = L,(x +t) + R,(x —t). These are all the solutions, and there are infinitely many
of them: take any complete set of functions of the real line, f;(x), with i a positive integer,
say. Then you can expand L,(z+t) = >..7 | 4;,f;(x+t), where {;, are expansion coefficients.
And similarly for R,,.

Another way to see this is instructive. Introduce light cone coordinates, u = x + t and
v =2 —t. Then ¢*K, = 0 is 9,0,K, = 0, which is solved by K, being independent of
either u or v.

(v) We already saw in (iv) the result of acting with V#, which after going to flat space
gives 02K, + (1 — 2)0”0- K = 0. Taking the divergence of this we get 0?(0- K) = 0. So
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0- K(z) is linear in = and K,(z) at most quadratic. We are looking for a solution of the

conformal killing equation in (iii), and we make an ansatz

K, (z) = a, +b,2" + %cﬂmx”xA.
Notice that by construction c,,n = ¢, Plugging into the equation and equating to zero
separately the different powers of x we find

by + by = 20\ (0.2)

n

Cuvx T Copx = %Cpp/\n;w (0.3)

The first of these can be solved by separating the matrix b,, into symmetric and antisym-
metri parts, b,, = A, + S, with A,, = —-A,, and S,, = S,,,. Then Eq. gives no
constraint on 4, and gives that S,, is proportional to the metric, S,, = sn,,. In order
to solve we use a trick you may have seen before (in connection with solving for the

connection, I';,,): re-write the equation twice, with the indices cyclically permuted,

2

Cuox F Copn = ¢ AN
2

Cup + Cwp = ;Cppunu)\

2
O + Cuxw = 2

and subtract the middle one from the sum of the outer ones:

1 _
Cuvd = ﬁ(cpp/\n;w + oM — & oplon) = CANw + ol — Cullua

Combining these results we have

K, =a,+ Anpx” + sz, +2c-xx, — c,’

We recognize a, as generating translations and A4,, generating Lorentz transformations.
Together they form the Poincare group. These are isometries (not merely up to conformal
transformations) and as we know there are n + sn(n —1) = in(n + 1) of them. It is easy
to recognize s as generating dilatations, x#* — e®z*. The last one is harder to understand.

2 is an infinitesimal version of a conformal transformation. The finite

dat = 2¢c- 2, —Cp
form of the transformation is most easily described as an inversion (z# — —z*/x?) followed
by a translation (z* — z* + a*) followed by another inversion.

(vi) Compute, compute, compute... Start from §A, = (LxA), = K*0 A, + 3, K Ay and

compute the variation of the Lagrangian density, —%5(F’“’FW) = —%F“”(SFW = F*™$0,A,,



or

§(—LFME,) = F™0,(K*\A, + 0,K*Ay)
= F"™(0,K*0\A, + K*0,0zA,, + 0,0, K Ay + 0,K0,A,)
= F"™(0,K*0\A, + 0,K0,A\ + 3K 0\F,,)
= 0, K F"™(0\A, — 0,A)) + S0\(K FM™ F,,) — 10\K*F"™F,,
= SFWF (0, K\ + K, — Iny0- K) + 20\(K*F'E,,)

(Steps: line 2 to 3, moved the fourth term in line 2 to second in line 3, and used antisym-
metry in p < v toset to zero the antisymmetric combination of d,0, and replace %Fw for
0yA,; line 3 to 4, combined the first two terms, integrated by parts the third). Now, the
first term has a factor that vanishes if k is a conformal Killing vector in n = 4 and the
last term is a total derivate which integrates in the action integral, by Stoke’s theorem, to

a surface integral at infinity, which vanishes.

2. (i) We use polar coordinates X' = rcosf and X? = rsinf. Eliminate X% use
(X2 =1+ (X1)? + (X?)? =1+1? so that X°dX" = —X'dX! — X2dX? = —rdr and for

the metric we need

rdr r?
(dX°) = (55)° = 1702 - errQ (0.4)
so that the metric is
2 d 2
ds” = —= i A7 i 8 = I _ -+ 126>,
T T

Since r and 6 are polar coordinates for X2 which are unrestricted, we have r € [0, o)
and 6 € [0, 27).

(ii) Tt is easiest to first find an embedding coordinates for the embedding —(X°)? +
(X1)? + (X?)? = —1 that gives the usual Poincare half-plane metric. To this end let

X'+ X' =u
X? = zu

This is motivated by the a similar choice made in class for deSitter space, that had ¢ =

In(w + u), & = z/(w + u); see lecture notes. A third relation, needed to fix all three
coordinates X follows from —(X%)? 4+ (X1)? + (X?)? = —1 using —(X?)? + (X1)? = (- X" +



XX+ X1 = (= X%+ XYu. So we have

2 U
Xlzl(u_l—i_—x%ﬁ)
2 U

X? = zu

Computing the pull back of this map (the embedding) we get
d 2 4 4d 2
ds® = o ruer g a .
u
Not quite what we wanted, but close. Form the second term it is apparent we want y = 1/u,

or to be explicit,

X0 =

Xt =

X2 =z/y
and the pull back is the desired metric.

We can now exhibit the relation between our (z,y) and (r,6) coordinates:
y l=u=X"+X"=2+V1+7r2+rcosf

(0.6)
r/y=X*=rsinf

Of course, to get x explicitly you can divide the second by the first. There are tow signs
in the square root, taking the upper sign gives y > 0 while the lower gives y < 0.

(iii) The question, by design, is a bit ambiguous. What I hoped you would explore is
the question of whether one of the coordinate system covers more of the manifold than
the other. From the embedding in terms of (x,y) it is apparent that one could take y < 0
just as well as y > 0, but something really bad happens at y = 0. If you plot the surface
(X9)2 =1+ (X1)? + (X?)? you realize immediately that it consists of two disconnected
pieces, one for X° > 1 and the other for X° < 1. Our manifold, H?, corresponds to one
of the disconnected components, X° > 1, and correspondingly, X° + X! > 0. In the (z,v)
coordinate system this means y > 0, while in the (r,60) system that means we have taken
the positive square root in defining X°, see, eg, Eq. .

(iv) We now have (X9)? = —1+4 (X1)? + (X?)? = —1+72 so that we still have X%dX? =
— XXt — X2dX? = —rdr but Eq. is now
2

oyt =~
X0 1—r2

(dX°)? = dr?.
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So now the metric is

2 —r? 2 2 2 192 dr? 2 192
ds® = — dr® +dr® + r°df* = —— + r2db”.
1—17r2 1—17r2
Following the hint, { \/% = arcsinr. That is, ds? = dQ3, the metric on S?.

3. (i) This is much like what we did in class for maximally symmetric spaces, and we

went through the logic then. Choose:
X° = cosh y

X! = sinh y cos 6;

X" = cosh xysinf; - - -sinf,_;sinf,

To be clear, the spacelike vector (X?',..., X") of magnitude sinh x is written in spherical
coordinates in terms of n — 1 angles that parametrize points on the unit n-dimensional
sphere.

Now compute the pull-back. Recall, in general, if the map between manifolds (or
rather, between the corresponding coordinate patches) is y* = y*(z*) then the pull back of
g (0*9)w(x) = %%gab(y). Note that this corresponds formally to replace gxizda:“ for dy®
in ds? = g,dy®dy’. So we proceed that way:

ds® = —(sinh xdy 4+ 0 + - - - + 0)? + (cosh x cos f;dy — sinh y sin;df; + 0 + --- + 0)* + - -

By construction the second through last term correspond to spherical coordinates with
radius sinhy se we know they add to (dsiny)? + sin x2dQ?_, = cosh®dx? + sin x2d22_,.
Combining with the first term we have

ds* = —sinh x2dx? + cosh? dx? + sin \?dQ? _| = dx? + sin x\?dQ?_,.

(ii) Getting the metric into the analog of the form in Eq. (3) of the assignment is
straightforward: simply let » = sinhy, so that dr = coshxdy, or dy = dr/coshy =
dr/v1+ 12

To get the metric as in Eq. (2) of the assignment we repeat the procedure in the n = 2

case, generalizing in an obvious way:

X= % (U L (Zi(xi)2)u2>
X = % <“ L (Z;xz)2)u2>
X" =2z



where i =1,...,n— 1, and u = 1/y. Then

1 ,
ds® = E(dgf + > (dz)?).

4. A geodesic is an extremum of the path length, {ds. To incorporate a constraint into

it we can use the method of Lagrange multipliers, thus:
38 =0, where S = J(ds +drAf(X)).

Here A(7) is the lagrange multiplier, a function of the affine parameter 7, ds is the square
root of ds? given by
+ (dX*)? for deSitter, dS

ds®* = —(dX°)* + (dX')?
! + (dX*)? for anti-deSitter, AdS

ds* = —(dX°)% — (dX')* + - -
and f(X) stands form the constraint that defines the embedded submanifold,

o (X2 =2 for deSitter, dS
o (XN + 2 for anti-deSitter, AdS

Let’s go through this explicitly for the dS case. Writing ds?> = nynydX™dX"N and
F(X) = nun XM XN —a? we have

1 XM dsxN
58 = fdf nMNd @ +ON(X) + My XMoXN ) = 0.
e(7) dr dr

Using the fact that we have chosen 7 to be an affine parameter, we have, after integration
by parts, the conditions
a?xN
dr?

T]MNXMXN - Oé2 =0

+AXN =0

The first of these can be rewritten,

1 d?X° 1 d?X*? 1 d?x*
_ = — = e = — = )\ 0.7
X0 dr? Xt dr? X4 dr? (0.7)
while taking two derivatives on the second we have
> XN dXM dxN

= 0.

xM —_—
N dr? N dr dr
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Note that the second term in this expression is set to a constant by our choice of affine
parameter, and the first term can be simplified, using (0.7]), thus

dXM ax™N

= constant
dr dr

Mun XM XN = —naw

Since the factor multiplying X\ is o, a constant, we learn that A\ =constant. We can then

solve the Eqgs. trivially,
XN<7'> _ aNeﬁT + bNef\F)\T

where a and b are arbitrary constants. Of course, if A < 0 we have cosine and sine solutions.



