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PSet 1: Problem 3: FW 3.3

3.3 A simple pendulum of mass my and length [ is constrained to move in a single plane. The point of
support is attached to a mass m; which can move on a horizontal line in the same plane. Find the
Lagrangian of the system in terms of suitable generalized coordinates. Derive the equations of motion.

Answer: First, define the position of the pivot as = and the angle the pivot makes with the vertical as 6.
Then, defining (z;,0) and (z2,ys) as the coordinates of the pivot and pendulum, respectively, we

have:
rn=x =4 .7 =&
o =x+Isinf — I'g::'r-kmié"cosﬂ
1Yo = —lcost =5 1jp = lfsinf

Then, the kinetic energy T is given by

1 1 2 - . .
= -z-mljrz = 5 51?12(:4‘:2 + 261 cos 0 + 176 cos® A + 126% sin? §)

1 1 . .
= §i2(m1 +ms) + §n121292 + mgdflcosf

Furthermore, the potential energy V' is given by V = mgys = —mgl cos §. Combining these gives
the expression for the potential energy:

1 1 : .
L=T-V= Ea’;?(ml + mg) + Emglr"t?z + madfl cos § + mgl cos ¢

Now, to get the equations of motion, we apply the Euler-Lagrange equations. Considering first
the z-component gives

% =) =% % = &(my +ma) + mgéi cos ) = P constant
dx lo43
Thus, we have obtained a conserved momentum P,
Next, considering the #-component, we get
aL
a0

= —modlf sin § — moglsinf

d (dL d 25 T
& (w) = (mgl 0 + mail cos 9)

= mal?6 4+ myil cos 0 |- madlfsin 0

HDW’BVEI’, we know that

02mol sin @ — Gmol cos 6
my + Mmoo

,  P= Bmsl cos §
T my+mg

Substituting this into the expression for 8 gives

2 22 .
5 Mg cos= f -« m3l® cosfsind .
0==68mal*(1— il il lf) GV 7 k. it Bl maglsin @
my + mo my -+ mo
= - in’ 6 o m3l® cos @sin O
= Gmyl? T Emgan o b thiby (- 28 ST IRTN & magl sin@
my + mag my + mo




Next, we will assume 6 << 1 and only keep terms to first order. Note: #? is second order small
and hence will be dropped. Approximating sinf =~ @ and cos@ = 1, we have

ni2 .
0= Tmama | ool = 0= f+p2imetma)
my -+ Mg Imy

Therefore, 8 oscillates with a frequency given by

—_— g (m1 +mo)
[} Mg
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