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PSet 2: Problem 2

Tom Zdyrski

Problem 2: Consider a particle with velocity vj moving in a region with constant potential U, into a region with
constant potential Us (c.f. fig. 1).

(zo,y2) to

(0,0) to
Figure 1: Setup of problem

Part a): vy is the tnitial velocity. How does the direction change? What is v ? For this problem, we fix
the end points (zg,0) and (z3,y2) as well as the end times tg and 5. We have shown in class that
free particles move along geodesics (in flat space, straight lines at constant velocity). Since the
potential U is constant on either side of the boundary, the force F = VU is also zero on either side
of the boundary. Thus, we immediately know it follows a straight path in either region. Labeling
the crossing point as (0,y;) at time ¢, we get:

to ty 1 ta 1
g= Ldt:/ —mv? - U dt+/ —mv? —U |dt
to to 2 t 2
1 4§ ty 1 5 ta
=\|=mvi - U dt + | —mv3; — Us dt
2 to 2 Ly

1 1
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2 2 2 2
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Since the endpoints are fixed, S = S(y1,%1). Then, the principle of least action gives:
as as
dS = 0-—dy —dt
o i+ ETR 1
Since dy; and dt; are arbitrary, the partials must each be identically zero. Then,

as - 2 — |
—mA _ 2 n

= musinfy mussinfly, = vysinf; = vosinfy

a  h ta — 1y
Doing the same for the time-derivative yields,
as 1 x5 +yf 1 af+ (y2 —w)? 1 L
0= I oy sy 20 TN I v s Cma U = —mulU BB
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Thus, we have

1. = 1 U, —-U
—m-vé = —mvf + U —U; = vea=wy,/1+ —]l—gg
2 2 5MVY
and i
e v, sin
sinfl; = —£sm€1 = _?l-—b*
Vs =
1+ Tmu?

(a) Part b): Find the ratio of times in the same path for particles with different masses but the
same U. Multiplying the Lagrangian by a constant doesn’t change the trajectory of the system.
Thus, if m — am and t — ft, we know the constant potentials Uy — U, is unchanged.
Therefore, we require the kinetic term is also unchanged: 1/2mv? — 1/2mv?a/B%. That is,
B =+\a = t x /m which tells us

to ma

t my

(b) Part ¢): Find the ratio of times in the same path for particles with the same mass but moving
[in] different potentials Uy, Us, where Uy /Uy = ¢, a constant. Likewise, if the two setups differ
by changing U — cU (i.e. Uy = cU,), then we must have t — Bt s.t. 1/2mv? — 1/2mv?/52 =
1/2mv2c. This shows that § = 1/y/c = t x 1/v/U showing that

to Uy

tr E’;

(¢) Part d): What problem in optics does this problem resemble? This problem resembles Snell’s Law
of refraction. Like Snell’s law, we see that the particle paths bend when the cross the boundary.
However, a key difference exists: In Snell’s law, sin # o< v whereas here sin f o 1/v. This represents
the fact that light waves refract towards areas with slower wave speed whereas particles refract
away from areas with slower particle speed.
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