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• Motion on resonant for i

Consider the motion on a resonant torus in terms of the AAV :

Totti = WTFItt Tolo )

Resonance means that there exist some n - top les t-- fl,, . . ., en}
for which I. I = 0 . If the motion is periodic , so that

Wj = kj Wo with kj C- 27 for each j E 11 , . . .

,
n }

,
then all of

the frequencies are in resonance .
Let's consider the case n -- 2 . Dynamics sketched below :
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0/2=-0

Since the energy E is fixed
,
we can regard Jz -

- J
,
IT., El

and the motion as occurring in the 3- dim
't
space (d., 4. , Jil .

Suppose we plot the consecutive intersections of the system 's

motion with the two -dim t subspace defined by fixing E and
also 4*2 Hay 102=0 ) .

Let's write 4=-4
,
and J = Ji ,



and define Ida
, Jd, to be the values of I/o , J) at the

hth consecutive intersection of the system 's motion. . ¥ ith the
subspace (42=0 , E fixed ) . The 2nd space 142 , Jal is called the

surface. of section .
Since 82 = Wz , we have

a. (j, = with
¢ htt - 01k = Wi . 2w±

,

I 2nd WITI

(E suppressed )
and therefore

¢ht , = ¢ k t 21T a (Jk ti )

Jkt , = Jk
"

twist map
"

Note that we've written here atJm , ) in the first equation .

(since Jw ,
= Jn

,
it doesn't matter since J never changes

for these dynamics . But writing the equations this way is more
convenient

. ] Note that (ton , Jn ) → (lone, , Tnt, I is canonical :

lol I
,¢ ,

= def
0144,5k€

htt IJKH
n , Jn 2 lol k , Jk )

= YEE - 24¥' dojo = i. i - o.o ⇐ i
k k k

k

Formally ,
we may write this map as

I = TF
htt k

where I = lol
,
J ) and I is the map . Note that if

k k k



x = Is € Q ,
then Is acts as the identity , leaving

every point in the 14 ,J) plane fixed .
For systems with n degrees of freedom , and with the

surface
.

of section fixed by tofu , Jn ) or 14h , E ) , define
it lol , , . . . , dm ) and I = Hi , . . .,I - it . Then with EI ( Hun , . . .,wj÷ ) ,

-

The
,
= G t 2K£ (Jan )

Fen -- In
which is canonical . Note th = 14,µ ,

. . . , 4mi , h ) where

Hj
,
h is the value of 9J the kth time the motion passes

through the SOS . We call this map the twist map .

Perturbed twist map : Now consider a Hamiltonian

HII TJ ) = Ho ITI TEH ,
I -4

, F) . Again we will take n
-

-2
.

We expect the resulting map on the Sos to be given by

Tf -4k = 4¥ , : µhtt
= 4kt 2Nd (Jkti ) t E fHk , Jw , I t . . .

J
ht,

= Jh t E g (4h , Jht, ) t . . .

Is this map canonical ? Let's check that def
dHhH'Jh
• Kk

. ,
Ja )

=/ :

d lout , = dotut 2Nd
'

Hht , )dJht, t tftp.d/0htEffT+,dJhHdJh+i--dJhtEf#nd4ut Effy
,

DJhtt



Now bring d lout, and dJh+, to the LHS of each eqh
and bring d Ion and d Jn to the RHS . We obtain

1 - 2nd (Tht , ) - E
¥

I it:*:i¥:n:*
A htt Bk

Thus

det 's"i¥¥=¥¥i÷ ..it:7#-=iaJIti
and we conclude the necessary condition is 3¥ = fft

,

.

This guarantees the map Te is canonical .
If we restrict to g

-

-g Clo ) , then we have f -- fII ) .

We may then
write 2nd (Jw , I t EfHht , I = 21TdelTeti ) .

(we'll drop the E subscript on a . ) thus , our perturbed
twist map is given by

¢h+ ,
= dnt 2Nd (Jati )

Jht, = Jh t Eg 14h )

For aH) --J and g lol) =
- sink

,
we obtain the standard map

¢ht , = Oth t 251 That I , Jht, = Jh - C- Sin 01h



. Maps from time - dependent Hamiltonians

- Parametric oscillator
,
e.g. pendulum with time - dependent

length Htt : I two HI x = 0 with Wohl = IGI .
This describes pumping a swing by periodically extending
and withdrawing one 's legs . We have

Ethel -- tutti
'ol l 'll cu -- nil

-
-w

"

THI AHI THI

The formal so I ' to itItt -- Alt) TH) is

THI -- T exp (ftdt ' Alt ' l) Tco )
where T is the time ordering operator which puts
earlier times to the right. Thus

T exp (ftdt ' Alt '1) = lim Ht Attn- its ) - - . ( t -t A lot 8)
N→ a

where tj = js with 8 = TIN .
Note if Alt ) is

time
. independent then

Texpfftdt ' Alt 't ) = eat = him
,
dit AI )

"



There are no general methods for analytically evaluating
time - ordered' exponentials as we have here .

But one tractable

case
.

is where the matrix Alt ) oscillates as a square. wave :

wtf I = ("
t t ) Wo if 2jt Et s Kjtilt

H- t ) Wo if Kj tilt St. cfzjtzyt
(for j E 27)

✓
(Itf ) w

Define in = Ift -- 2h51 .The period is 2T .

It-¥T¥¥IThen we have

Tnt
,
= e

A
-

t
e
Att you

-2T -T

NB : e
A
- teAtt* e (At

A-
+
It

with

A-
±

= f°w±z '

o ) , we = (HEI Wo

Note that AI = -WIA and that

U = et 'T = It A-±t t
'

z ,
AI t't IT

.

AIT't . . .
±

= ( t - I, wit
't# wit't . -

- II

+ It - I. wit't f. WI't
'
-

. . - I A-
±

= cos (wit ) I t WI
'

sin (wit ) A- ±

= (
cos (wt t ) WI's in lwit I

- wtsinlwt.tl cos Iwit ) )



Note also that det U
,
= 1

,
since U± is simply Hamiltonian

evolution over half a period , and it must be. canonical .

Now we need

U -

- I exp t AH) -- U- U+ = ( Ibd )
c'real , notsymmetric )

a = cos Iw
-
t ) cos(wth l - wi

'

wt Sin (wit sin lwtt I

b = WI
'

cosIw
-

t) sin (wit ) t w sinIw
-

II costwth I

C = - wt coslw.tl sinhtt t - W
-

Sin (w- t) cos lwtt )

d = cos Iwit costwith - WI
'

w
-

Sin (W-t ) sin lwttl

It follows from U -- N
- Ut that U is also canonical

(i.e . Int , = NIN is a canonical transformation ) .

The eigenvalues X± of U thus satisfy X
+
X
-

= 1
.

For a 2x 2 matrix U -

- l: bdl
,
the characteristic

polynomial is

PIN -- det ith - U ) = I - T X t s

where T -

- trill = atd and b -- det U = ad. -be . The

eigenvalues are then

X± ⇐ IT ± I ITT4D

But in our case U is special , and def U = 1
,
so



At = IT t.LI#
We therefore have :

ITI s 2 : X
+
= It = e is with 8 = cos

-

YET)

ITI > 2 : It = I 's e
"
synth with µ = cosh

- 'II ITI )

Note htt
.

= det U = I always . Thus
,
for ITI s 2 ,

the motion is bounded
,
but for IT I > 2 we have that

till increases exponentially with time , even though phase
space volumes are preserved by the dynamics . I. e . we

have exponential stretching along the eigenvector I, and
exponential squeezing along the eigenvector I. .

-s
→ - - -

Let's set O = wot = 2T't/ To where To is the natural

oscillation period when C- = 0 . Since the period of the pumping
is T

pump
= 2T

,
we have ¥

,

= %÷n÷ .
Find

T> 2 +←z

Tr U =
2c.us/20l-2E2cosl2E# f f

I - f2

T= t 2 : O -- htt 8
,
E = ± I

"

T
-

= - 2 : O = (ht ITt 8
,
C- = I 8

The phase. diagram in 10
,
El space

is shown at the right .



Kicked dynamics : Let Hftl -- Tlp ) t Vlf ) Kitt , where
n n n LK n n n

kith sit - htt ##too ,
As t -so

,
KH ) → 1 (constant) . - 3T -2T - I 0 I 2T 3T

Equations of motion :
"

Dirac comb
' '

q -- T
'

Ip ) , pa = - V
'

loft kltt

Define que q ft
-
- htt ) and pn =p It = not ) and integrate

from t -- htt to t = (nth Tt :

Anti = Gut IT
'

(pm )

putt = Pn - I V
'
(Gmt )

This is our map int, = Tin . Note that it is gut, which

appears as the argument of V
' in the second equation .

This is crucial in order that I be canonical :

dfw ,
= dah t TT

"

lpnldpn

dpn+, = dpn - TV
"

tant , ) dotnti

vi.mill::: =L :
"" ' Il:::LI ::: t.w.ia.in '

iii.an.it:::L



and thus

def Atnip = y
HANH , Priti )

The standard map is obtained from

Hitt = - Vcos 4 KAI

resulting in

dnt , = Ion t II Lu
Lnt , = Ln - TVs in ¢htt

Defining Jn =
.
Ln/VITTI and E = TIVIUTTT we arrive at

¢n+, = Ion t 21TE Jn
Jnt , = Jn - E Sin lout,

The phase space lol , J ) is thus a cylinder . As C- → o ,

Anticon → dads = 2TJ
'

→ It . . ..no,
) ⇒ Ei Ie::::&,

This is because C- → o means I→ o hence KH) → 1
,
which

is the simple pendulum . There is a separatrix at E -- I ,

along which 5141 = ± # last 211 .



Top : E -- O - 01 ( left )
,
C- = 0.2 (Center ) , E = 0.4 (right)

Bottom : details from C- = 0.4 (upper right)

Another example is Hae kicked Harper map , when

Htt t = - V
,
cos17¥) - K cos128¥) Kitt

this generates the map

Xnt , = Xu t a E Sin (UTyn ) x = of IQ a -- IVI

Ynti
= Yn

- 4-
'

E Sin 12TXun ) y =p/P e = Kitty
PQ

on the torus T2 -

- fo , t ) x fo , i] with x -- o , I identified

and
y
-

- oil identified
'

.



Kicked Harper map with 4=2 and C- = 0.01 NL ) , E
-

- 0.125 HR ),

C- = 0.2 (LL )
,
and C- = 5.0 (LR ) .

Note PSF
says KHL = t.IS/t-ntt=Icosf2TIt- )

and a kicked Hamiltonian
may

be written

HIT
,
d
,
t ) -- Holst t Vlol ) t 2441£

,

cos /
-

integrable
-

resonances



Poincare' -Birkhoff Theorem
-

Back to our perturbed twist map , Te :

dnt, = ¢ n t 2Nd(Tnt, I t E fllon ,Jati )

Jnt, = Jn t Eg (fu , Jun )

with

ftp.tf?y
,

= o ⇒ ie canonical

For E -- o
,
the map to leaves J invariant

,
and thus maps

circles to circles . If alt) ¢ IQ ,
the images of the iterated

map To become dense on the circle . Suppose xHT = Is C- IQ
,

and w dog assume a
'HI > O , so that on circles J± -- J t SJ we

have aHtt > rts and
'

aIII iris .
Under Fos

,
all points

on the circle C = Clt ) are fixed . The circle C+ = CCJH

rotates slightly counterclockwise while C. =CIII rotates

slightly clockwise . Now consider the action of Is , assuming
that C- a SJIJ . Acting on Ct

,
the result is still a net

counterclockwise shift plus a small radial component of Old .

Similarly , C- continues to rotate clockwise plus an OTE )

radial component . By the Intermediate Value Theorem, for
each value of ¢ there is some point J -- Jello ) where the

angular shift vanishes . Thus
, along the curve Jello) the



action of Ies is purely radial . Next consider the
curve Felch = If Jello ) . Since Ies is volume -preserving ,
these curves must intersect at an even number ofpoints .

\

The situation is depicted in the above figure .
The intersections

of Je loll and Feldt are thus fixed points of the map Fes .
We furthermore see that the intersection Jello) n Fellol consists
of an alternating sequence of elliptic and hyperbolic fixedpoints .
This is the content of the PBT : a small perturbation of a
resonant torus with a lJ ) = rls results in an equal number

of elliptic and hyperbolic fixed points for Ies . Since Te has

period s acting n these fixed points , the number of EFPs

and HFPs must be equal and a multiple of s. In the

vicinity of each EFP, this structure repeats (see the

figure below ) ..



Self- similar structures in the iterated twist map .

#
Stable and unstable manifolds °¥¥¥T
Emanating from each HFP are stable and unstable manifolds :

I c- [SITH ⇒ line. Itsy -- Eet Hoos to ie
* I

Te El ⇒nliy.FI
"I = It fftows from -4*1

Note Este! ) n Es lie; I = of and 24¥ In 24471=0
for it j ( no Sls or Ulu intersections ) . However ,

[ SITE ) and 2497 I can intersect . For i --j , this
is called a homo clinic point . (on its way from 4¥
to Iit . ) For it j , this is a hetero clinic point .



Homoclinic tangle for x.at, = yn and ynt, = latbynlyn - Xu
with a =2.693 , b = - 104.888 . Blue curve is the stable
manifold . Red curve is the unstable manifold. .

HFP at lo
, o ) .

The fact that neither red nor blue curve can self intersect

requires them to become increasingly tortured .

But since Ise is continuous and invertible
,
its action

on a homoclinic (heteroclinic ) point will produce a view
homo clinic (heteroclinic ) point, ad infinitum ! For
homo clinic intersections , the result is known as a

homoclinic tangle .

• Maps in D= I : Xnt , = fan )
; fixed point x*= f-txt )

If X = x
*
t U
,
then Unt, = f

'

txt ) Un t 01h21

FP is stable if I f '(x* Ill I
,
unstable if If

'

(x 'T I > 1
.



Cobweb diagram for flxl = r x(t- x)

Fixed points and cycles for tix) = rxli - x)


