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Lecture 9 (Nov .
2 ) #- i-I

dx

System : string of mass density yulx ) and
tension thx ) . Instantaneous shape is ycx.tl .
Differential KE :

DT -- I MxiµYPdx
Differential PE (relative to ylx.tl = const. ) :

CTU = thx ) all = t Ix ) f Vdx2tdyT - dx )
-

Lagrangian density : de

L -

- final'¥Y - tix , WHET - 1)
Assuming 13×141 , L -

-

'
z pry't -

'ztyx t . . .

Recall that for

sfylx.tt ) -- fatal 't! L ly , yt , y × ix. t )
that

a.I:*!:: 1¥ . # I:* . # III.Ds,
±!:b" III. as t.f.t.it#sy3::

First let 's consider what is necessary in order that



The boundary terms both vanish . The first boundary
term vanishes when Sylx, ta ) = Sylx, tbl = O . The

second term vanishes when fff, Sy vanishes at x -- xa , b
for all times t . For the case L -

-

'

zµyI - tztyx ,
we have 8218g, = - t y * , thus, assuming TIXa ,b) to,
the condition y× Sy = o at the end points means
either lily × -- O or Li il Sy -- O at each endpoint Xa, b .

We then have the EL eqn ,

¥ . #Eat :
a. ⇒which for our case yields

¥ ItIn It ! = µ,×, 0¥,
for our L

This equation , plus the spatial boundary conditions,
governs the dynamics of the string .

The simplest
case is when µ lxl

-

-gu and thx ) = t are both

constants
, whence we obtain the Helmholtz equation ,

I. yet -

- y xx ⇒ 4¥. - to ¥4ylx.tl -- o
with c -

- Khal 42 , which has units of velocity .
This equation may be solved

'

completely , and for

arbitrary boundary conditions .



D 'Alembert 's solution
-

Define
.
the variables u = x - ct and U = xtct . Then

¥ -

- ¥ # t E -

- ETE

¥ -

- Et Fu + If # = - c # tofu
Therefore

s÷ - III. =# +¥1
'
- toutH

'

wave operator T
= 4
I = 4 IT %audi

Thus

3*0=0 ⇒ glum) -- flat tglu)

with flat and glut arbitrary functions as of yet. So :

ylx.tt = flx-ctltglxtc.tl
right - mover left - mover

Now let's apply some initial conditions :

ylx , o ) = flxltglx )
C- ' ytlx , o ) = - f

'

(x ) t g
'

(x )

Taking the spatial derivative of the first equation



yields
y x ( x , o ) = f '(x) tg

'Cx)

and thus we have

f-
'
B ) =

'

z y× B. o ) -£ytl's , ol

g 451
-

- I 9×13,01 tzytts , O )
Now all we need to do is integrate 01%3 '

:

f- I 5) = Iz y 15 , o ) - IT 1%5 '

ytlsio ) t C

g 131 =

'

z y 15, o) t IcJokes ' yds:o) - C
where C -

- f lo ) -
'

z y lo , o ) =
'
z y lo, o ) - g lo ) . Thus,

ylx.tt = fly Ix - et , ol tylxtct ,ol ) t 's!!! yds, o )
Thus we have a solution for all initial conditions .

Hamiltoniandcnsitgwedet.methe momentum density as g -

- 2L layt .
The Hamiltonian density is then It = gyt --L .

Typically L -

-

'
z guy 't - U ly ,y× ) ,

hence g =Nyt and

H = II t Ulyiyx )
Expressed in terms of y +

rather than g , we have



Scratch

ylx.tl = tzfylx - Ct , ol t ylxtct, ol )
+⇒i Eyes, o )

suppose ylx , ol = IT×¥i , ytlxio ) .

Then : (t -- o )

ylxitt-ffztf.rs #° x

Evolution :

O X



the energy density ,
ECx .tt =

'

zµ y 't t Ulyiyx ; x )

the equations of motion are

- 2¥ -mytt t 3×13%1=0
Now note that

It = Nyt Yt t t 2¥ y t t 0¥ yxt
= µ ytytt - luytyttt # 10¥) ytt IF yxt
= If}yI×yt) = - 3¥ i Je = - Fyi Yt

where ye is the energy current along the string .

For the case U =
'ztyx , we have Je = - Iyxyt .

Note that

(E) = E t
'

Off t 0¥ = O i [ye ) -- ET
"

which is the continuity equation for energy . Thus,

¥1,14 Efx it I = -×! "dx = ydxi.tl - jelxz ,t)
rate in rate out

jclx,,t¥T e Cxz , t )



F-or U =
'ztyx with µ Ix) --µ and tix) -- t constant,

writing ylx.tl = fix - ctltgcxtct ) we find

Elx , t ) = Iff 'Ix -et ))
'

t tfgyxtctl]
'

jecx.tl = Ct (f 'Ix - et))
'
- Ct (gyxtct) )

'

which are each sums over right - moving and left -

moving contributions .

Example : Klein - Gordon system U ly , y× ) =
'
zig! thzpy

Then E -

- t pry't t
'

z Ey ! t t py
'
. Equis of motion :

L -- I pry't - Uly , y x ) ⇒

- 0¥ - µyttt # (Iff )
-

- O

- Py - guy t t t tyxx = 0

Thus we have

(E. - E. y
-

- my i
*Fa

This is not the Helmholtz Cgh (it is the KG egh ) .
D

'Alembert 's solution does not pertain . Still ,

ye -

-
- FYI Yt = - t y x Yt



Momentum flux density and stress - energy tensor :

E -- taught tztyx ⇒ ¥ = # Guytyxl
Thus , with

←
momentum current

←
momentum flux density

JIT = E
,

IT = -myty x =
I
c
2

T"uwe may write -

⇐ It . Ex )
CE - ca

-

- ly. ⇒ ) -- o
012 x"

or 2µT
"
u
= O

,
where T"

u
is the stress - energy

tensor . Note that while IT and g =

guy+ have

the same dimensions , IT is the momentum density along
the string while g is the momentum density transverse
to the string . General result :

T" u =
2£
Ngugi Ky

- 892

This satisfies put
"
u
= O for all u .

Electromagnetism : E = ¥, IE't ' 4 ⇒

off -- at. It . 3¥
.

tB - IIE)
= IF E. ( c J x J - 4nF) t ÷,

B. f- COXE I



= - E - E - J-5

where 5 = ¥, Ex
-

B = Poynting vector . The
stress - energy tensor is

[ - E's
×
- C

- '

Sy - c- 'Sz

in÷÷÷÷: "¥
.

with

Oij = ÷
,
f - Ei Ej - Bi Bj t 'z CE 't B ') Si; )

which is the Maxwell stress tensor . Now

2µT
"
v
-

- O
; Yu -- ( Edt , J )

• Reflection at an interface

consider a semi -infinite string with XE lo , a] and

with yloitl -- Ott .
We write

← ×
-
- o

ylx.tl = ffx-ctltgcxt.CH 04N
and impose the boundary condition at x -- o :

ft- et) tglctl = o ⇒ f- (3) = -gt3) t 5

Therefore
,
we have

t 's = - et

ylx.tl -- glcttx) - gkt - x )
F- f- Ix - ett



This is the general solution .
Now suppose gls)

resembles a pulse localized around 5=0 .

In the distant past , t -s - a ⇒ et - x -s - a

Hence no contribution from right mover .
g

# It
How about the left -mover ? Set cttx - O ⇒

X = - Ct C- ( O , a ] .
I. e . incoming left - mover

at x = - Ct . For t → to , cttx → to
⇒

left - mover is gone .

Ct - x = o ⇒ x = Ct C- fo , a]

I. e , outgoing right mover at x act . Sketch :

•
£-41 x.int

• I

x
-

-o x= -et x
-

-01¥t → - oo t → to
incident wave reflected wave

suppose instead yxlo ,t) -- O ft .

From SS -

-
- - -

-⇒ Syl qµM0

must vanish] " free

0212gx = - Ey x ⇒ yxlo , t ) = O htt



Shape of string :

ylx.tl = f-(x - et ) tglxtct)

yxlx ,ol = f-
'

l- et ) tg
'Ict )

Thus f 't3) = -g
'l - S) . Integrate to get

f-15) -- g l-5)

So the shape is

ylx.tl = glatt x) +get - x )

gxlx.tl = g
'lett x) - g

' let - x )

= 0 when X = O

. Mass point on a string :

X = O

→←

xco : ylx.tl = Hot - x ) +get t x )

x > o : ylx.tl = h Ict
- x )

Interpretation : f = incident wave

g = reflected wave

h = transmitted wave



Newton 's law for mass at x=o :

mijlo , t ) = I y
'
lot, t ) - ty

'

to
-

,
t )

Discontinuous y
'
(o,t ) =y× lo, t)

⇒ acceleration ofm .

Furthermore :

y
' lo-it ) = - f

'

Ict ) tgyctl
y
'lot,tl = h 'Ict)

continuity ⇒ yloitl-ylot.tl ⇒
htt ) = fktltglct)

Let 5 -

- et ⇒

hts ) = H3) tgl 's)

f-
' '

(3) t g
"131 = - LET g'15 )

From these
, get gls) and HIS) in terms of ft ) .

Fourier transforms :

Hs ) :{diff Ilhleih } ,

Itu) =L'dxflxleik
}

Derivatives wrt 3 replaced by ik x Ilk I etc .

Then we have

f- hit iqklglk ) = k'Ith )



"

hlkl = Ith ) t ng th )

with Q = 251inch = 2p/m ; foil =L
'
'

.

Solution :

514 = Ilk I Ith )
,
tick) = Elk) Ilk)

with
a

Fln = - T.io ,
that = - niff

Note t = Itr since h = ftg .

Shape of transmitted wave :

h 151=1%277 Elm Elk )
=

.

!I5
'
t 15 - s ') Hs 's

tls - s ' ) =
.

the , eihls
- s

')

and for

Elk ) = -
iQ
h - ioi

find
t 13 - 51 -- Q e

- Q G - ' "
① Is- gi )

t 13 - 3 't

¥t¥
.°


