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Start with the Lagrangian density
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The last term corresponds to a harmonic potential
attracting the string at each x value to (x,y -- o ) .

In fact
,
if

µ txt
-

-pot m81×1 ,
ulx) = KSCx)

then we recover the problem of a string with an
attached point mass that is connected to the point

Mlo
,
o ) by a spring . The EL

TEXequations are found to be ✓
-

-¥Hxl3I×)tulxly=-µlxl%f#
This equation is time - translation invariant because
the coefficients are autonomous lice . Elxl

,
ulx)

,
andgutx)

do not depend on time t
'

) . This means that the

partial differential operator (PDO )

Q = lulxl - IT, TIM IT, t ulx )



for which Q ylx.tl = O ,
commutes with the

PDO Hot : HI
,
Not] -- O .

This means that

the solutions to ToyHitt = 0 may be written as

ylx.tl -- 41×1 e-
iwt

Furthermore
,
since
y 'Tx. t )

is a solution
,
then

we
may write

ylx , t ) = 41×1 cos lwtt ¢ )

we are left with the equation

is 41×1 =
µ Ix) w

' 41×1

where

is = - ftp.tlxsodyxtulxl
is an ordinary differential operator to Do ) .

The equation.

I 41×1 = - ddzftlxld.ae#tulxI4lxl--yulxlw24lx)
is known as the Sturm - Liouville equation .

The simplest example is when Tx ) -- t and gulxl --µ
are constants

,
and 01×1=0 . Then K -

-
- I IIe ,



and the solutions to the SL eqn are of the form

41×1 = A eikx

where k
'
= µw4t=w4c2 with c=ft/µ )

"'
= wave speed .

I. e . 414 = Aetiwxk
,
so ylxl = flat - x ) tglcttx ) .

• Boundary conditions - we consider four classes :

① Fixed endpoints : 41×1=0 for X = Xc
,
R

T

② Natural : tix ) thx ) = O for X -- Xu
,
R 9th

.←
e.o

③ Periodic : 41×+4=41×1 where L =

xp - XL
(Also require t Ix) = Ilxtl ) . )

④ Mixed homogeneous : atHttp 44×1=0 for X -- Xi,r
[ same xp at both endpoints . ]

• Eigenfunction properties :
The SL equation is an eigenvalue equation :

- dat ftkit: txt ) t ulxhklxt-w.lu/xl4nlx ) CA )

for a given choice of Bcs . Suppose we have a second so12,

-off, ltlxllimlxlltulxlumlxkwmpilxltmlxl 1B )

Multiply 1B ) by tntlx ) and IAH by 4mLx) and subtract :
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'

) -- hunt- wit ,u4m4n*
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Now integrate from x, to xp :

k¥2-wit!"dxµlxHn4xHml*i= ilxiltnlxltilxi - tmH4*nIxI.
= 0

because the term in square brackets vanishes for any
of the four boundary conditions . Thus ,

I wi
'
- win ) Hullum ) = O

where the inner product is

< 414 > = RxNxt 44×10/1×1

Since ctnlun > I 0
,
we have that wi e LR

.
INote

this does not preclude w! so in which case Wnt i IR . )
when win t win

,
we have stunt 4ms -- O

.
For degenerate

eigenvalues , we may invoke the Gram - Schmidt method, which
orthogonalites the eigenfunctions within a degenerate subspace .
Since the SLE is linear, we may then demand orthonormality :

( Hullum ) = 8mm



Furthermore when the functions µHI , tix ) , u Ix ) are

all real
,
and when

,
in the case of mixed homogeneous

Bcs
, Hp E IR , we may choose 4h Ix ) E IB t n .

Another aspect of the eigenspectrum , which is more
difficult to prove (so we won't ) is completeness :

A

pitx ) [ 4*1×141x' I = SIX - x' l
n = 0

Note that we have labeled the eigenvalues and eigenfunctions
with a discrete integer index n E fo, I , . . .

,
a ) , and

we may demand wi E wi e wi s . . . . Any square
integrable , or d

'

,
function flxl

, for which af If > so,
can be expanded in the eigenfunctions, viz .

Axl = of.tn/xl.fn--s4nHs;fITxMxl4Ilxtflxl
NB : what is true is that Hf - E.of. 4h11 = o ,

where

11h11 = L ht h > is the norm of h . Note that this

does not guarantee that Ifn 4. IN converges to Axl

pointwise for all xefxl , Xr ] .

Rather
,
the convergence

holds "almost everywhere
"

,
which is to say for all xC-Kc , Xr )

except on a set of measure zero .



• Variational method

Define the functional w
'

HI xD = NgY4k# with

NHKD-itzfidxftlxlttxttulxltlxPIDHlxlj-tzf.dk/ulxl4lx5
Then the variation of w44] is

g.w2= 8¥ - NSDDZ
Thus

,
if we demand 8W2=-0

,
we have

8N = Nj 8D = w' 8D
and since
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= - o¥ ItIN 44×1 ) t Nxt 41×1
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= Nxt 14×1

we see that Sw! O yields the SLE ,
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- off
,
ft 1×144×1 ) t HH 41×1 = w'pi Ix) tix ) -- w
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Note. also that the variation of 8N contains
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Fourier analysis : 4. txt → 4h 1×1 = e
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a boundary term Elxllilxl 841×1
.

.
which vanishes

for any of our first three
classes of boundary conditions ,

i. e . fixed endpoints 1814×4,21=0 ) , natural (III. rt 4
'

lxc
. .
1=01

,

or periodic ( HH -- fl x * L) for f-1×1=41 x ) and Axl = TIX ) ) .
In order to accommodate the fourth class of BC

,
i. e.

mixed homogeneous , with a 41×1 tp44xl=O for X = Xc ,R ,
if we redefine w' = TV ID

,
where

IHH) -- NHK) tfpftlxrlllxrl - that 41×42 )
In fact, for all for classes of BC we can take

#

w44lxD=Y¥Y ¥ tlxltdaxiixidaituixi ) tix,
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¥ Nxt 44×1

Thus
, expanding 41×1 = ⇐ Cn 41×1 , we have
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Then AI = 1%-11=0 for all j E fo, I , . . .

,
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OC's -2 Eci
any 41×1 → WH ) two

solutions :
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Example : string with mass point in center

µ Ix )
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- µ + m 8 (x
- E L ) ; I txt

-

- E i 01×1=0

Here XE O and Xp = L . Then

It! 'dx 417×1
w
' 14 ] =--

Er! Ix 44×1 t Im 4434

Now consider a trial function

× ' AI
"" hi:* :: ::i:÷i¥÷. .

Here we have a single variational parameter , a .

• [dx 414×1=2AZ ! tix a 2×20-2 = A ' . ( q )
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Best variational estimate ⇒ set
duds

= o :

da

ddaI=O ⇒ 4a
'
- 2x - I t la - 1112atIT Fy = 0

This is a cubic equation . For m IM → 0
,
we have

422 - 22 - I = O ⇒ a = 14 (It VE) = 0.809 . Find
then wk 11.09 Eu ⇒ w =3 . 330£ .

The exact result we

know is 401×1=12/4 "' sin HTXIL ) with Wo
-

- IT4L
,

and our variational frequency is about 6.00% higher.
For MIM → o

,
the string 's inertia is negligible .

Then 41×1 describes an isosceles triangle , and

mj = -si . I I ⇒ we 2 III -- Z ftp.TI-EIMI
Tare variational soft yields 2=1 and w

'
= w} exactly .

Note a -- I corresponds to a triangular shape
Our example involved just one. variational parameter .
We could have more

,
e. g .

41×1 = Ax ' t BxB ( ofXII )
41L - x 1=41×1

Variation parameters : 3 (x , B , BIA )

Or : A = C cost
,
B =

.
C sin 8 ⇒ (x , p , 8)



Another basis : 4.1×1 =/ E)
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