
for which we obtain

1- -- 3¥ -

- F H - get

Inverting , we obtain the motion

qftt = A - Tt = qloltptlm
m

we identify A = qlol as the initial value of q ,

and T = - p as minus the (conserved
' ) momentum .

The HIE may have many solutions, all yielding
the same motion . For example , goofy = 12mF

Slot,htt -- 12T at - At → ¥ = - n

This yields

1- = It = IFT q - t ⇒ qltt = FIM ft th
2h

Here h -- E is the energy and qlol = Fm T .

" Time - independent Hamiltonians lecturel51wed.NL
When att lat -- O

,
we may reduce the order of

the

HJE by writing.
- o

SIE ,Titi = WIE .Mt Tltil



The HJE then becomes

HIE
, 3¥ ) = - It

since the LHS is independent of t and the RHS is

independent of q ,
each side must be equal to the

same constant , which we may take
to be A

,
. Therefore

Stg ,htt = WII , Al - ht

We call WII , Tt Hamilton 's characteristic function .

The HJE now takes the form

HIGH . . . , Gu , 2¥, , . . .

, Fff ) = hi
Note that adding an additional constant Ant, to S

simply shifts the time variable : t → -t - Ant , 1h , .

One - dimensional motion
-

consider the Hamiltonian H lot , pl = II t Uhtt . The HJE is

Im Iff)
'

t Utah = A ← clearly A -- E

with A -- A
, .
This may be recast as

¥q=±I2mh-uI



with a double - valued solution #z
Why , N -- I Isimfdg ' Inuit

The action (generating function ) is Sly ,ht ) -- why,Al - At .
The momentum is

p = ¥4
,

= Fg = 12mh-uki.IT

and

i
-
-

- ft -- Fa - t -

-HIIII - t
in - Hail

Thus the motion qltt is obtained by inverting

Et t = ± IMIf
't"d9 = Ifqttt )
Into

The lower limit on the integral is arbitrary and merely
shifts t by a constant . Motion : g.HI

= I
- ' ft tt)

•

separationofvariable.SIf the characteristic function can be written as the sum

w lot in -

- Iwo lato in
the HJE is said to be completely separable .

(A system

may also
be only partially separable . ) In this case ,



each Wo (go , t ) is the solution of an equation of
the form

Hol 9-o , dY⇒ = No , po
-

- Eff -- FFI
NB : Ho lato , pot may depend on all the H . . . . .

,
Ail .

Uh
,
O
, lol

As an example , consider -

H -- Fmlpit II. +71¥ + Ah t Brot *

This is a real mess to tackle using the Lagrangian formalism .

We seek a characteristic function of the form

Wlr , O , lol = Wr Irl two 101 two loll

The HJE then takes the form ←
Pol

Howitt .int#oI+.a...ot3YoI
i t
Pr Po t Alr ) tB t rff.IT = A

,

= E

Multiply through by r'sin
'
O to obtain

Im (Fft. )
"

t CHI = - sinof.tn/EoHtBloBdep#onyon0
- rising PITY t AH - A

,)
-

depends only on r, O



Thus we must have

loll Im PITY t C lol ) = Nz = constant
Now replace. the LHS of the penultimate equation. by Az
and divide by since to get

Im Pff. ) 't Blot t.gg = - r2 137T) 't AH - A , }
--

depends only on O depends only on r

same story . We set

lol Im (FF ) 't BIO ) t !!÷o = Az = constant

we are now left with

Cri Imf ?Y÷ ) 't AH t ¥ = A ,

Thus
,

r 1-

Stg , t.tl = him)dr 't n ,
- Alr 't - f÷,i
-

+ IsntJodo'll , -1310 'l - s?n÷
+ 12M¥10 ' 112-4417 - A

,
t



Now differentiate with respect to hi
, 2,3
to obtain.

Hi
,

-

- ¥
,

= IFIII. In .
- aim - ftp.T

"
- t

Oltl

121 TE ft
,

= - IF In, - B. lo '

l -
s?÷I
"

*,

+ IFFY In . - oomf
"

1315 -

- fat
,

= - IMIIII. In .
- Air 't - ftp.T

'"

order of so,#on ,

+ III%! Ks - Bilal - s!⇒
""

I . Invert Il ) to obtain Htt .

2
. Insert this result for rHt into 131

,
then invert

to obtain Oltl
.

3
.. Insert Oltl into 12 ) and invert to obtain loft) .

NB : Varying the lower limits on the integrals in 11,2 , 31

just redefines the constants Tin , 3 .



• Action - Angle Variables-

In a system which is "completely integrable
"

,
the

HJE may be solved by separation of variables .

Each momentum po is then a function of its conjugate
coordinate fo plus constants : po

-

- offer = potato , it .

This satisfies Ho (go , pot = No .
The level sets of each

Ho lato , pot are curves Cold ) , which describe projections
of the full motion onto the lato , Pol plane . We will assume
in general that the motion isbounded , which means
only two types of projected motion are possible :

libration s : periodic oscillations about an equilibrium,
rotations : in which an angular coordinate advances

by 2T in each cycle

Example : simple pendulum H lol , ppl 's III. tf Iw'll- cost )
rotations : E s I WZ p Pol

librations : Oc Ec Ivr

separatrix : E -- Iwz t.si#OTFToGenerically , each Col 'M 1¥-

i

: :*::*::
ration or txt

i



Scratch

Plot a

¥¥.

F
m
folk = - 4T

112/27 I s '

m
g
-
-z

s
'

x.IR = cylinder

six S ' -- IT
'

S ' '

+
folk = 0

In'" "÷::÷:
'

no

XI 2 - 2g

gfdsfz = !.dk -

- 4 'T aba
-

'

b
- '

t 1



Topologically , both libations and rotations are
homotopic to ( =

"

can be continuously distorted to
" )

a circle
,
S

'

.
Note though that they cannot be

continuously distorted into each other , since lib. rations
can continuously be deformed to the point of static
equilibrium, while rotations cannot . For a system
with n freedoms

,
the motion is thus confined to n - Tori :

Th -- S
'

x S
'
× . . . ×ST Cn " t

e-
C
,
lil n times

these are called invariant to ri
,
because for a given

set of initial conditions
,
the motion is confined to one

such n - torus
.
Invariant for i never intersect !

Note that phase space is of dimension 2n , while the
invariant tori

,
which fill phase space , are of dimension n .

IThink about the phase space for the simple pendulum ,
which is topologically a cylinder, covered by Iib rations
and rotations which themselves are topologically circles . )

Action - angle variables ( To , I I are a set of coordinates
( Tol and momenta III which cover phase space with
invariant n -tori . The n actions { Ji , . . .

,
Jn } specify

a particular n - torus, and the n angles { oh , . . .

,
du )



coordinate each such torus
. Invariance of the

tori means that

Io = - gtfo = O ⇒ H --HII)

Each coordinate too describes the projected motion
around Co

,
and" is normalized so that

fooddo = 2T (once around co )

the dynamics of the angle variables are given by

Too -- gtfo -

- volt I

thus Gott ) = do lol t Vol J t t .
The n frequencies

{ volt II describe the rates at which the circles co
T

are traversed .

Lecture 17
. (Nov . 301 (topologically ! )
-

• Canonical transformation to action - angle variables

These AA Vs sound great ! Very intuitive ! But how do
we find them ? Since the Ito ) determine the l Col
and since each fo determines a point (two points ,
in the case of libration s ) on Co

,
this suggests a type -I


