
Mechanics Lecture 2 loot 71
-
-

Hamilton 's principle : 85=0 where

sloth ) =!!'d't Llq , of .tl = action functional

with q
-

- { oh , . .
.,qn ) = set of generalized coordinates

The functors LIE , I , t) is the Lagrangian , and is

given by L -

- T - U
,
where T -

- kinetic energy and

U ⇐ potential energy . Typically T -

- Tig ,oil is a

quadratic form in the generalized velocities of ,
i. e . TIG , 911 = Too ,Cal g.oaqo .

.
For example

T -

- Imi ' = 'zmliity 't 't
' ) Cartesian lay,H

• 2

=
'
z m (i 't r

'O'' tryino ¢ ) poles
(r
, 0,4 )

The potential energy U is most often a function of q ,
but U -

- UH, oil applies, e.g. , for charged particles in
a magnetic field , where ←

scalar potential

VII. it = qotlxl - of Ice , .

DI
dt

← charge T vector potential
Free particle ⇒ L -- Imf ' ( § 3.6.31

• NB : In general L = Too . lot .tl, tooo .
- Ulf , I , t )



Equations of motion : Iof f¥ -

- generalizedfaceoff(3¥ ) = I , oeh , . . . , n } y → 9- o
2 Go y

'
→ go

w

Po = ¥go= generalized momentum
Thus

, Bo = Fo , ice . Newton 's second law .

• Conservation laws :

Most general setting : to be discussed (Noether 's theorem )
For now ,

recall results from COV :

① 3¥ -

- O ⇒ po = Eq, = constant (par -- o)
Momentum pot is conserved because the force Eo = 0

Example : T = Im l t 'y ' t 't
')

,
U -

- mg t

⇒ Fx = 3¥ = O
, Fy = g = O

p x -- mi ⇒ x Itt = x lol t Ff t
Py

-

- my
.

⇒ y Itt = ylol t t

angular pz = MI
, Fz = - 3¥ = - mg

momentum
barrier ME = - mg ⇒

2- It ) = 2- lol t Ilo ) t - Igt
'

" "H
Example ' : L -- tzm lip 't p

' Ii ) - Ulp ) KD polar)

°¥¥l2mp' Pol
-

- 3¥ = my
- I = angular momentum = e

O p equi nip = my ill - U'Ipl =mpIz - U'4) = - Vettel
Uefflp) =2f÷zt Ulp)



Scratch

L -

- Im lip 't p ' Il) - Ulp )

Pol = 3¥ = mpig = e

IMPORTANT : can substitute if =÷ in

Egas of motion but not in Lagrangian itself !
WRONG : L =

'

z mp
'

t
'

zmp
- 42 - Ulp )

=

'

z mi 't
'

z nip4¥12 - Ulp )

=

'
z mi
'
t zn÷ - Ulp )

¥13.1 -- mii -- ⇒ = - meet. - u 'let[
wrong sign !

RIGHT : L -

- tamp ' t Imp
' Ii -- Ulp )

Pol = 0¥ = nip it = A constant (pj = o )

ft Ep) -- nip -- ¥ = me I
'
- U 'm

= my
'

- U
'

le)

= t.mg - U
'

Ipl = - ¥41
right sign !



② 3¥ = O ⇒ H = ago
. 3¥ - L = Ito Po - L conserved

← implied summation on

See it again : repeated indices

Gtf -

- Epo tools -¥÷Io - EEE - II
thus

, :# = - 3¥ , and so. ¥=¥o9÷:÷¥÷d'
L -

-I, '

z
m
;
i} - Uli . . . . . . In )

we have that H =!f
,
Imjij' t VII. , . . ., In )

is a constant of the motion .

• In general , H -

- go Po - L (of , I , t) is a Legendre
transform of L :

DH -

- proto t god Po - f¥dGo - go - f¥dt
and hence H -- HIq ,p, t) with

3¥ = - II. = - Fr . 3¥ -

- air , IFT -- 3¥ -- -Et
We then have Hamilton's equations of motion :

go -

- III. , pro = - III ⇒ I -- Ip IFT
J -- Ka 's ) ,

3=195 )



-

Procedure
-

lit choose a set of generalized coordinates
liil Find. KE TIgig , t ) and PE Ulot .tl or Ulf, I , t )
and thus the Lagrangian LIFE ,

t ) -- T - U .

( iii ) Find the canonical momenta por = gtfo and the generalized
forces Fo -- 3¥ . ↳ po

-

- polat , E , t )

(i v ) Identify any conserved quantities (later : Noether 's thin)

( v1 Evaluate pro (carefully ! ) and write po -- Fo
Ivi l Integrate the equations of motion to get {Gott) ) ,

the motion of the system .
2n constants of integration
{ 9- o lol ,

'

9-old )

§ 3.8 : Cartesian
, cylindrical , and polar coordinates

553.10 : Examples
¥3 -

10.4 : Pendulum attached to mass on a spring
center
of- block coordinates of mass m : (x . ,Yi )

k
(at X , O)

y
-

-µmziDy x , = at X tlsino , y, = - loos O

T -

- tank 't 'zmliityil
←
a+×→!m = IlMtm ) i 't 's me

"

O ' tmlcosoxo

(kill U =
'zkx't mgy ,

a -- unstretched lengthof spring =
'zkx
'
- Mgl cos O



Lagrangian "

L = T - U

=
'
z (Mtm ) i

'
t t me

'b'+mecos 050 -Ik x 't Mgl cos 0

Generalized momenta :
• p ×

-

- 3¥ = (Mtm ) i t me cos 08

•

Po = Itf = ml cos O i t me 20

Generalized forces :
• F-

×
= 2¥ = - k x

• Fo -

- Zo = -mesince x. O -mgl sin 0

Equations of motion :

• p' × = Fx ⇒ (Mtm ) i t mlcos O b - me sin 0092 = - k ×

• Do = Fo ⇒ me cosOi +me
'it -m.es#b
= - M¥50 - Mgl sin 0

Conserved quantities :

Only H = I pxt Opp - L
-

- flMtm ) I ' +me cos058) t fml cos 050 +me282)
-

'

z lMtm ) I -
'
z me

'

O ' - me cos O IO t tzkx
'
-mgkosO

-

- tfMtm ) in 't £ me 'd? t ml cosO KO t
'zhx

'
-mgl cosO

= Tt U = E



Small oscillations : linear ite the equations of motion

• (Mtm ) i t mlas O b - me sin 082 = - k x

• mlcosoi +me
'it = - mgl sin O

• (Mtm )
"

x + ml = - k x expand about x -- 0=0
⇒

. It e E = - go
( assume x. oixio small )

The fire parameters (M , m , l , k , g ) may be reduced to
three :

u =
. Ie ,

a = F ,
wi = Ya ,

wi = I
Then we have

• ( Ita ) ii tab two u = 0
. iit it wi 0=0

This linear system may be solved by writing

to:D
.

-

- Ho: ) e - int ÷. → - w
.

\ I

⇒ two: ' ' w
'

I :i=o
A nontrivial sole requires thatthe determinant vanish :

W
"
- two t lit a) wi ) w' two wi = O
-

WI = 'zfwitlltalwi ) ± '

z Ilwi - litalw,') 't 4awfwi



There are two eigenvalues for w
'
, given by
-

WE =
'zfwo' tht al wi ) ± '

z flwi - fit-alwit 't 4aw;wi
The general so I = is then

( III; ) -- re e
- int

+ ( no:) e- int)
where
[ solution must be real

normal modes
-

two: ' ' w:
i
.

= o voi e - in± I
2 U

,

This fixes the ratios UI = ft - 1) e IR µ;)
""? '

OE wt un In ,

thus
, we are

free to choose OE
,
which are two

Complexe constants ⇒ four real parameters .

We fix them via the initial conditions ,

1644 ) and I foot ) ⇒ four real pieces of initial data

Here we have used the fact that it (f: ) e- iwt is a so I ',
then so is ( Ufo ) eti wt . In this sense , we might speak of
tour eigenfrequencies ( w+ ,

w
-

,
- w

+ ,
- w) of which

two are positive and two are negative .



Scratch
U ( x ) =

'

zhx
'

t b x 4

1- lil = fm

L = '
z
mid - thx ' - f b x

"

mi = - hx -BY

Eqbm @ x -- o , I = O

'

xp ¥
.

I;

expand about x -

- x; (Sol
"

to 04×4=0 )

⇒ x = t Sx

⇒ msii = - U 't I Sx
-

Wj = Iu "(x't Ilm

U U
U
"

small U
"

big
W;
small w big



Virial Theorem
-

- formula describing time -averaged motion of a
mechanical system

Define the virial GIG ,p ) = { go Po , for which
2Ldate = Elio pot Poo 9-ol -- Elio Egr + Go⇒

Suppose T = I Too , (f) go-go , is homogeneous ot
degree k -- 2 in the generalized velocities , and

'

that

20/2
'

go -- O . Then

{ Eof¥ -

- E Ir III = 2T
Now consider the timeaverage of G. over lo , e ) :

( DI > =

'

z f'd t doff = GHICdt t

If G is bounded , then we have l Cif -so as c-→ a .

This is the case for any bounded motors , such as

planetary orbits . In such cases, dim " of space
n f

21T ) = - c E fo Fo ) n -- d -N
0=1

N
= c f.Yi .#juhi , . . . , Int > = k su >

if Vfx . . . . . ,
Int homogeneous of degree k in lxj } .



Scratch

Euler 's thin for homogeneous functions :

f- (Xi
, .

. . , xn ) homogeneous of degree k if

f-(xx , , . . .,
xxn ) = Xk f-(x , ,

.
. .

,
xn )

examples G

flx.ly/--x5tax'4y t b ÷ he -- 5

TIE . .
. - gain ) =

'

z Too , (f) ifogo . k=2

- ⇒ af!,xx , ,
.
. - ,
X Xa ) = x. 3¥

,

t ' -
- tXn¥x

,

= IT
,

)
,

this . .

> xul

= teth - 'Hx . , .
. .,xu ) )

.

'

. ;÷XiI¥=kf
" '

y
6

Check : (xtyf-yllx5tax4ytb-l-x-5x.4tx-4axsy-x.BY#ty.0ty.ax4ty.6bYI
=5x5t5ax4yt5bY¥ =5/x5tax4ytb )



Since TTU = E is conserved
,
we have

<T ) = YET ,
so > =
2
Let 2

Application : Keplerian orbits , k = - I
< T ) = - E

,
C U > = 2 E j

E C O

Note then that a satellite losing energy due to frictional
losses as it enters the atmosphere must increase 'ts.
-

kinetic energy , i.e .
it moves faster ! (think also

about angular momentum conservation . )

Noether 's Theorem Lecture 3 (Oct .
12 )

-
-

"

To each independent, continuous one -parameter family
of coordinate transformations which leave L invariant

there corresponds an associated conserved charge
"

--
.

IIn fact
,
we only need require S is in variant . See

¥3.14 of the notes . )

Proofs. Let go → Eto Iq , 3) be our one-parameter

family of transformations with continuous parameter 3,
and with Iola , 3--01 = Go to .

Invariance of L ⇒

Ish! Eiti -- FIFTH.FI?IIst.s=oncconserred- charge)

= :*:÷t¥÷¥¥t¥h÷¥E¥¥:O
← evaluate along motion of system


