
Since TTU = E is conserved
,
we have

<T ) = YET ,
so > =
2
Let 2

Application : Keplerian orbits , k = - I
< T ) = - E

,
C U > = 2 E j

E C O

Note then that a satellite losing energy due to frictional
losses as it enters the atmosphere must increase 'ts.
-

kinetic energy , i.e .
it moves faster ! (think also

about angular momentum conservation . )

Noether 's Theorem Lecture 3 (Oct .
12 )

-
-

"

To each independent, continuous one -parameter family
of coordinate transformations which leave L invariant

there corresponds an associated conserved charge
"

--
.

IIn fact
,
we only need require S is in variant . See

¥312.4 of the notes . )

Proofs. Let go → Eto Iq , 3) be our one-parameter

family of transformations with continuous parameter 3,
and with Iola , 3--01 = Go to .

Invariance of L ⇒

Ish! Eiti -- FIFTH.FI?IIst.s=oncconserred- charge)

= :*:÷t¥÷¥¥t¥h÷¥E¥¥:O
← evaluate along motion of system



Thus
,
A -

- I
,
ftp.39-T/s==ooEpoIEFls..ios conserved !

Examples
• L = tzmx ' ttzmy ' - U ly) . Then let

Ilx
, y , 3) = Xt 's

Ttx , y, 3) = y } ⇒
5=5

I -- y
'

clearly off Ltxiy , i. it = O , and the
associated conserved charge is

^=I÷Est⇐oE÷3sIh⇒=E -
- Px

i. e . px -- mi is a
"constant of the motion

"

.

• L -- Emil 't tzmy ' - U(Vx2tyT ) Y

= tmlpztp.de ) - up ,
cast.

Define g- Ip , 4,31 =p
ftp./o,3)=o/t3

Again 014013=0 and we have

a- F. Est , Faith.
= pg = Mpi (angular momentum conserved)



In Cartesian coordinates
,
this invariance is expressed as

I 13 ) =
. x cos3 - ysin 3

513 ) ⇐ xsins +yes 3 ) 3¥
= -E , = tx

n .- E. Est
, Esko

= mil- y )tmyftxl-mlxy-yxl-I.pxfmipl-mp2.to=p¢

The Hamiltonian
-

Recall Hftp.t/--Epogo - L .
We showed earlier that

DH = § (goodPo - Bodger) - ft dt

and therefore

9- o = ftp.T , Do = - 3¥
,

Hamilton's ears )

as well as

III. = If = - Ft
• For L -- Imi '- U txt , p=mI and H = LIM t Ulx )
. Read 0883.12.4

,
3.13 . 2

If infinitesimal transformation 8T = A lot it 183
, Goto -- Boff ,t) 83

leaves action # Id 't LIE , E.tt invariant , then

A = - Hla ,pitt Ala.tl t por Bolg , t) is conserved.



Example : Bead on a rotating hoop

¥÷÷÷÷÷÷÷÷:÷:÷:
"

'÷÷÷.
= I ma 2/02thisin 20)

U = mga ( t - cos O )

Thus
, po = 2¥ = ma 20 and

H = Epo - L

= Ima282- tzmaw'sin'Ot mga (t - cos O)
NB : H t Tt U because T not homogeneous of

degree 2 in b
.

Now we express HCO ,Po ) :

H =
POI '

z
mawsin 20 tmgall - cos O )

Lma
2
-

= Po
'

II t Vest lol
where I = ma ' = moment of inertia ,

and

Vest 101 = - I ma'w's in 'Otmga ( t- cos O )



Hamilton 's equations of motion are

ie -- 3¥. -- II , pro -- - Itf = - Foot
Thus

to = -
Nett

⇒ ⑥ = - ¥ 04ft = - n'10120 20

Define Wo I (g la )
"'
so

Uettlol
4101 =
In

= ( t - cos O ) Wf - '
z
sin 20 WZ

Equilibrium is achieved when U
'101=0 :

U
' IO ) = wf sin O -- w's inO cos 0

With solutions

£-0
,
Ot -- IT

,
Ot -
- + cos

- ' (Wwi ) , o*= - cos
-' (Yoda)

= ± Ow (if w ' > Wf )
To assess stability , write 0=0*+80 ,

and
⑧

88 = - u
" 10*1.80 IT

stable ⇒ u
" 10*170

no , futon
-- -

-

Ot unstable ⇒ u
" 10*1 s O o

U
" lol = Wot cos O - W ' cos 120 )

= fwwi.FI,
at o

*
= o stable for wk we

at Ot
'

- always unstableable for w '>wfwz - wig at o*=±Ow ( w 's Wo? )



Charged particle in EM fields
#charge ,
Potential energy : UH

,
it = goth.H - I ACI.tl . it

kinetic energy : Ttx ) = ME 2 as usual

EM potentials : scalar of TE, t) and vector ATEit 1
EM fields :

E = - Jol - E ,
E -- Ext

Thus the Lagrangian is

Ltxixitt = '

z mi
?
- goth.tl t I III.H - i

canonical momentum : § = f¥ = mist FIVE , t )
NB : the dynamical momentum is mi =p - f- I
let 's find the Hamiltonian HII, 5, t ) :

HII
, fit ) =p .

i
- L

=

'

Im t EA . it - Itami
'
-gift II. it

= I mi ' t of ¢

Thus
, Htxp ,

t ) -= Im (p - Eth ,t II t goth , t )
If 3¥ = O and If = 0 then ddttt = - 8¥ = O
and HII HI , BHI ) is a constant of the motion .



Equations of motion : recall L =L mi '- get t ft E. E
EL eqns : Itff.IT/--ffyfttfmiMtfA4--miiatEfIxBi- EFF
¥. = - g- II. + III. is
→Thus

,
-

µ
mint III. niet EFF = - g. ftp.i-EIAI.ee
mii . = - sf¥. - ETE - EEE. - III. lie

Now Bt = fury 2µA
'

,
so

C-
ypg

B
'
= taps Emus 3nA

"

= ( Sqn Spr - Sau 8pm ) 9nA
"

p a

and we have

= 8¥ - Ift

m
'

x' a = - q3¥e - IFI t ftp.xBB
or in vector form

,

mi = - q Flo - E 3¥ + Fix Is

= q Et Ici x B (Lorentz force law)



-

Hamilton 's equations of motion :

HII
, F, t ) = Im 15 - E IT t got

• in = 3¥. =
'

a Ipa - EA' )
• pa gtfo = -HpB- EA'll- E III ) - 9- 3¥
Thus

,

mid =p
a
- Ea Afm

in

-

p a =# (p B - IAP ) FIT - g- Iff.
Take the time derivative of the first equation :

mix = pain - ¥DIdt
= # x' off. - a. 3¥ ) . # Fine - ETH
-

- al-3¥. - E 3¥It at ie ( 3¥. - TEH
⇒ m = QE t Eci x B
Again , we obtain the Lorentz force law .



Fast Perturbations : Rapidly Oscillating fields
a-

Consider an oscillating force Flt) = Fosmut . Newton 's 2nd
law then says moi = f-sina.it , the solution of which is

g-HI = ahtbt - w2Esinwt #
9-htt t of ; Ctl 9-ht Gi

(homogeneous ) ( inhomogeneous )

Note that gift I a w
- Z is very small as w → a .

Now consider the time - dependent Hamiltonian
~

H lot , p , t ) = Holy,p, t) t Vlqlcoslwtl
~

The external force is then Flq , t) = - V
'

loft cos lwt ) .
We now separate the motion {qttl , pH} into slow

components {Q Itt , PHIL and fast components {Htt , Tilt)) :
HI = Q Itt t 3ft ) n

¥HI = PHI + aft, H -

- HYQH
,
Pt- Ti ) thots) cos lwt)

We further assume that 3 and Tl are small
,
and

we expand in these quantities :

oi * i -- 3¥ -

- FI + l3¥znt3H
+HIFIn'tiffins't f¥¥5It . . .

HotQt 5
,
Piti ) -- Hot data 3 t Tt 's s 't

. . .



is tri -- - Foi -

- - II -E¥st3I÷ntHI5
N ~

+ 2f÷HIp3nt3÷I¥H) - IoTcoshtt - 3¥ 3coshtt t . . .

We can pick out from these equations the fast dynamics :

j = Hopp 3 t Hip T t . .
.

it = - Hoo
, o,
3 - Hopp Ti - The cos lwt ) t . .

.

where H ooo
,

= % , Hoop = Ifip ,
etc .

We have ignored
" terms oscillating with frequencies

near 0
,
2W ,

3W
,
etc .

The slow dynamics are
obtained by averaging over the fast dynamics, viz .

I = Hop t LH. Yeapl 32> t Hoappl 3T 7 tLHYopp# s t . .. .

I = - Hoa - '

z Hoo, @as 32 > - Hoo, ape 3h > -¥ Hooppath >
~

- Vo
, o,
23 coslwtt ) t . . .

We solve the fast dynamics by writing To, cos lwt ) -- Reto, e- int
Htt = Re Soe

- int
,
tilt I = Re to e

-iwt and inverting

tea:i÷: . :÷::in:it:*



We obtain

3ft ) = w
- '

Hopp tacoswt t Olu - 41
- -

Tilt. ) = - w - 2 Hoop Vo
,
coswt - w

- '

Voisin wt t 01W
- 3)

Now we average , using Ceos
'wt ) = csinzwt > =

'

z

and c cos wt sin wt ) = O . We obtain

~ 2 o -2

( 34A > =
'

z w
-4 (Hopp Val t . . . ISHII Itt > = I w-"ftp.I?!aVq
~ 2 ~

in4th =
'

z w
- '

Vo
,
t

'
zu
-4 Itt p Va )

'

t
. . .

<Htt cos wt I = I w -
'

Hip VI t . . .

Plugging into the slow equations for Oi and Is
,
we have

Q = Hop t '

q w
"

Hopp,, VOY t
~

I - 2
~ n

is = - Hoo
,

-

'

g w
- ' Hoapp Voi -

"

w H:p the Vaa t . . .
which may be written as

Q -

- Ep ,
is = - Ea

where the effective Hamiltonian is
n

KI Q
,
Pl = Hola

,
Plt pie }t (Iff ) 't Otw"'t



Example : pendulum with oscillating support
coordinates of mass m :

X = l sin O q Tatti
-
- a sinwt

y = a Itt - l cos O !
- l

• ix.y ,The Lagrangian is t

L -- I me ' O'Ztmlgtiill cos O t ¥ GIO ,
t ) 9
we may

From this
, we obtain the Hamiltonian

← ignore this

H =
Pb
Imp

- rage cosO -ml
'

a' cos 0

With a Itt -- aosinwt , the perturbing potential is

T' lol = mlao whoso
we write O = ①+3

, po = Ltt
and compute kto , L ) :

Kl④
,
Ll = ÷p -mgl cos t 'q mat w'sinto

Thus
,
the effective potential is

Veffl I = Mgl Vtol , Uto) = - cos t E sin
'

i c tveff '
④c

' .

iii. ::-O :'t::i:S::*..
r > l : ④ = O

,
IT stable

,
I constable


