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Today 's lecture is about constraints . Examples :
I
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In these cases the constraint equations may easily be
solved exactly and the number of generalized
coordinates thereby reduced : Ir

,
o) lot , lo . ,

Oz 's → (O, }
In other cases the constraint equations are nonlinear
or differential and they can't by solved to eliminate
redundant degrees of freedom .

Constrained extremization of functions : Lagrange multipliers-
Task : extremite FIX , ,

. .
.

,
Xnl subject to k constraints

of the form Gj ( Xi , . . . , xn ) = 0 with je th . . .

.
h ) . We want

to find solutions It such that JFC I is linearly
dependent on the k vectors 15Gjlxty } .



That is
'

je +§, Gj① = 0 (n equations)

where the ltj ) are all real. This means that

any displacement di relative to It would result
in a violation of one or more of the constraint

equations . Eqn. . ① provides n equations for the

lntkl quantities l X , , . . . ,
Xu ; X . .

. . . , Xu) . The remaining
k equations are the constraints Gjlxr, . . ,xn ) = O .

Equivalently , construct the function

F- * (x . . . . .,
Xu; X. , . - - , Xu ) = FIX , , . . ., xn ) t j¥Xj Gjlx .
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and freely extreme ite Ft over all its variables :
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If along but in general these soft will
this vector Glx,yI=O not satisfy Gjlx ) -- O t j



Example-
Extremist the volume of a cylinder of height h
and radius a subject to the constraint

Gla , h ) = 2ha th - l -- O (b , l fixed)

Thus
, we

define

✓Ha
,hit ) = tah t x (2Tat HI - l )

out
① Ja

= 2T, ahn t 21T X = O

② 3¥ -

- ma
'
+ z×h=o

h

Lee

③ = 2ha th - l = O V=Ta2h

Thus ① gives X = - ah
,
whence ② yields

Ma
'
- Fah

'
= o ⇒ a =¥yh2

Finally , ③ gives

4g h 't ht = l ⇒ h = III
and therefore a = 2¥ and a = - b'"l"

Thus
, the extremal volume is
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Constraints and variational calculus
-

Consider the following class of functionals :

FfytxD=!"dx 45,5 ', x )
Here ujlxl may stand for a vector of functions {yo Cx) } .

We consider two classes of constraints :

① Integral constraints : these are of the form

×!"£x Njly , I
'
,
x ) = Cj , je Il , . . . , k }

② Holonomic constraints : these take the form

Gjly, x ) = O on x E (Xi
, Xr )

Integral constraints-
Here we introduce a separate multiplier Xj
for each integral constraint . That is , we
extremist the extended functional

¥1541 ; II x 45.5 ',xlt-fpjf.dk/Vjc5.y;xl---f!rdxEly-i5ix;Il
¥15,5 ! x ; It =L 15.5 's x ) t-§Xj Nj 15,5
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,
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This results in the following set of equations :

÷ . :#⇒ + E. xit÷. . no
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Jdx Njlyy ', x ) = Cj
Xu

j E { I , . . ., h )

Note that n of these are second order ODES .

We have assumed that cjcxc ) and cjlxr ) are fixed .

Holonomicc.ms/raintsNowextremizeFfjlxD--f!dRxLly.y '
,
x )

, GH -

- ly , HI , . . . , ynlx ))

subject to the k conditions
Gjlylx) , x ) = O , je l l, . . . , k )

Again , construct the extended functional it 5
'

,
x; It
-
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Light , IfxD = !!"dx ( Ltyiy ' , x) tf, tj Gjly , x ) )
and freely extremist Wrt the Intel functions

{yilxl , . . . ,yu (x ) ; 4,1×1 , . . .

, XuHtt



This results in n second order ODES plus K

algebraic constraints :

¥12,11 - Fo -

- E. x;39j ,
area . . . ..nl

Gj = O , je ft , . . . , k )

Each of these equations holds for all x Elk ,
Xr ) .

Examples
① hanging rope of fixed length

Y
'

The potential energy functional is
¥!

.

UlylxD -- pg#Rds y ; ds=Idx2tdyT
= IltIy#DXThe length is xr

"R
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Clylxl ) -- Jds = fdx / It ly 's
XL XL

Thus we form Ely , y ' , x ; H
-

Utfylxl , x) =×{fix Iggy txt ditty's
since 22*121=0 , the

"

Hamiltonian" is conserved :

H -- y
' Tty. - E = -Ej = constant



Thus
, -

dd¥ = I tf, Iggytxt- H
2

Integrate to get

ylxl = - ptg tfg cosh 19¥ (x -al )
where a is a constant of integration .

The constants X
,
H
,
and a are fixed by the

conditions ylxi ) = yr , ylxrl -- yr , and by
the fixed length constraint£ titty = C .

constraintsinlagrangianmecha.nl#
We write our system of constraints in differential form :

of El , . . . , n}o⇐
,

gjolq.tl d got hjhtitldt = O l

je Li . . . . ,k3
where q

-

- ( oh , . . . , Gn ) . If the partial derivatives

satisfy the conditions

%÷ .. 's÷. .az#- 3¥
then the k differentials may be integrated to yield
k holonomic constraints Gjlq , t ) = O , with

gjo = doggie
.

and h; = 3¥



One my then be able to eliminate redundant

degrees of freedom directly .
The action functional is

ScottD -

-fatdbt Hot , is it ) i Gotta ) -- Sqottb ) --O

Its variation is

ss-fatiie.EE#.-ItEzDsaoHI
Since the 187oft I } are no longer all independent,
we cannot infer that the term in curly brackets
vanishes for each o

.
What are the constraints

on the 18go Itt } ? Since they occur in zero time
we call them

"virtual displacements
"

,
and setting

St -- O we have the conditions

E.
,
girlotitisgrits . o t.ua#ifsotH

Now we may relax the constraint by introducing
k Lagrange multipliers Xjtt ) at each time, and write
"

I:( Ego - dat Eg.lt?EixjHlgjolotitf8otoHI=o
We may set each of the bracketed terms to zero .



Thus
,
we obtain a set of latte ) equations :

off (Igt ) - 3¥ = IE, xjltlgjolq.tt , oefh . . ..nl

- w-

Po Fo Qo = force of constraint

and

¥
,
gjola.tl Eto t.h.jlf.tl = O ,

jell, . . .,k}

• Please read § 3. 16.8 on constraints and conservation laws !
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constraints :

1) contact : r -- Rta

2) n slip : RO , = a 102-0, )-

g;o
-
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Lagrangian :

←
mass of rolling cylinder

L --T- U =L Mtr 't riot ) + t.IO} - Mgr cos O,
E- rotational inertia

91nF tgio , -0, tg, go, * h ,
= o

Ot rolling cylinder

-

Y all vanish i. e .
I = O → r = Rta



n =3 equations of motion :

r : off 1¥ ) - Er = Air-Mri, 'tMgcoso, = X ,
= Qr

O
,
: ddf (ft ) - ft, = Mri:O, t2Mrr0, -Mgr sin O , = Hata) -- Qo ,

y
Oz : off ( ftp.t.EE I

'

O'
z
= - Ha = QQ x.jo/g.tXa9zq ,

k -- 2 equations of constraint : Rta
✓ = Rta

contact : E = o

no slip : Rie
,
- a lo:-b, I = o ) integrate (02=4+710 ,

Now we have 5 equations in 5 unknowns {r, O . , Oz , it , ,til
we've already integrated the constraints so we may
eliminate r and Oz , yielding

-MIR ta) bi t Mgcoso, = X ,
M (Rta)' O, -Mg fatal Sino, = Xz (Rta )

I ( t t Eat it, = - Xza
we can read now read off the result Xz = - II (Ata ) it,
substituting this into the second of these equations gives

(Mt ¥11Rtat it - .MG/RtalsinO , = 0

Multiply this by O
,
and then integrate to obtain . . .

iii. =ddzltzo ? ) ,

'

o ,
since , = If I- cos oil



IM litM¥1 bit Iifa coso, = Ifat coso:
where we assume the upper cylinder is released
from rest (i - e . Oi -- O ) at O , = 0,0 . Finally , we
may use this to express OT in terms of Oi , and
stick the result into the first equation, resulting in

Qr = M¥ 43 txt cos 0 ,
- 2 cos0

, }
where a = I IM a2 is dimensionless

,
with a E fo

,
I ]

a = O : all mass of rolling cylinder at its center
x -

-
l : all mass of rolling cylinder at its edge

When Qr vanishes , the cylinders lose contact
(the normal force of the bottom cylinder on the
top one can only be positive ) . This happens for

of = cos
- ' (257¥) = detachment angle

Note OF is an increasing function of a, i. e . larger
rotational inertia I delays detachment . Physics here
is that kinetic energy gain is split between translational
and rotational motions .

Note also : O
, =/:#

"

(cosOi - cos at

dt = (RIGI)
'"die

.

→ integrate for O ,HI
✓Cos 0,0- cos O,


