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more rapidly than in turbulent tiow.

Figure 32 shows a logarithmic graph of 4 as a function of R. The steep straight line
corresponds to laminar flow (formula (43.6)), and the less steep curve (which is almost a
straight line also) to turbulent flow. The transition from the first line to the second occurs,
a3 the Reynolds number increases, at the point where the flow becomes turbulent; this may
occur for various Reynolds numbers, depending on the actual conditions (theintensity of
the perturbations). The resistance coefficient increases abruptly at the transition point.
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Fire hose demonstration.
New York City, 1969
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Figure 1-1. Plot of the “friction factor” defined in the text as a function of Reynolds number for
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turbulent water flowing in a pipe with various concentrations of PEO. Points
labelled “N” are with no polymer additives, while points labelled “P" have
polymers in varying concentrations; from Ref. [2]
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Fig. 6. Relationship between intrinsic slope increment and number of
backbone chain links for some linear, random-coiling macromolecules.
Solid line corresponds to o slope modulus x = 70 X 10~6, Data

from Table 2.
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Fig. 7. Gross flow trajectories exhibiting maximum drag reduction.

In all cases solvent was distilled water, temperstute 25 C. (Poly-

mer, M X 1078, ¢ wppm, d mm) as follows: (PEO, 0.76, 1000, 2.92),

(PEO, 5.2, 30, 4.57), (PEO, 6.1, 450, 32.1), (PAM, 12.5, 40, 9.53),
(PAM, 12.5, 110, 8.46).

AIChE Journal (Vol. 21, No. 4)
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shown in Figure 7, desgite differences among their trajec-
tories at the lower Ref%. Perusal of the experimental de-
tails associated with the data of Figure 7 will show that,
besides being independent of pipe diameter, the asymptotic
maximum drag reduction is strikingly insensitive to poly-
mer species, molecular weight, and ‘concentration, which
contrasts with the pronounced dependence of drag reduc-
tion on these polymeric parameters witnessed in the pre-
ceding polymeric regime. The maximum drag reduction

ptote has been widely observed and seems to be a
fundamental feature of the drag reduction phenomenon.
Some recent results are presented in Figure 8, P-K coordi-
nates, in which the solid line labeled mdr asymptote cor-
responds with Equation (4) of the text. The magnitudes
of maximum drag reduction are worth noting. At Ref%# =
(300, 1000, 3000), the respective fractional flow enhance-
ments relative to Newtonian are Sp = (0.54, 1.12, 1.49);
at the corresponding Re = (4.4 X 103, 2.5 X 104, 105),
the respective fractional drag reductions relative to New-
tonian are Rr = (0.52, 0.73, 0.80).

1.1.6 Transition. The transition from laminar to turbu-
lent flow with dilute polymer solutions can be appre-
ciated by observing first some of the gross flow trajec-
tories depicted in Figures 1 and 7. In Figure 1, the
polymer solution shows the laminar, Newtonian, and
polymeric regimes, an LNP trajectory, while in Fig-
ure 7 we observe two LPM trajectories, for the 38
wppm PAM solution (hollow squares) and for the 1000
wppm PEO solution (hollow diamonds), and two LM
trajectories, for the 300 wppm PEO solution (triangles)
and the 100 wppm PAM solution (solid squares). Evi-
dently, the existence of one laminar and three turbulent
flow regimes makes for three possible laminar-to-turbulent
transitions, which we designate L = N, L > P, L-> M,
respectively. These seem to have the following character-
istics:

1. L > N. The transition with polymer solution is pre-

Fude : ;Afém

B Source Polymer - 7
40 — o Clorke PAMH -
| Vv Huang PAMH ,PEO v/v ]
O Liow PDMS ,PCIP °
- J —
A Rollin, Seyer PAMH A
[ O whittsitt GGM a v 7
= @ Virk PEO, PAM —
30— & -
- A -
weo : o -
— o o -
4’ mdr agsymptote 1
CL 4
L 1/ =190 Log,yRe,/f -32.4 7|
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Fig. 8. The maximum drag reduction asymptote in pipe flow of
polymer solutions. See Table 4 for experimental details.
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Solution viscosities are generally so close to solvent that
shear thinning, which almost all polymer solutions exhibit
to some extent at high enough shear rates, has little dis-
cernible effect on the gross flow. In fully turbulent pipe
flow, dilute polymer solutions exhibit three distinct regimes
which are, in order of increasing flow rate:

1. A regime without drag refuction in which the friction
factor relation is the same as for solvent, that is, the usual
Prandtl-Karman (or Blasius) law for Newtonian turbulent
flow

f~"% = 4.0 log;oRef* — 0.4 (2)

2. A regime with drag reduction in which the friction
factor relation depends upon the nature of the polymer
solution. Anticipating later results, an approximate relation
for this regime is

% = (4.0 + 8) logyoRef% — 0.4 — Slog10\/2dW* 5

where 8, W*° are polymer solution parameters.

3. An asymptotic regime of maximum possible drag
reduction in which the friction factor relation is insensitive
to the polymer solution employed, being, universally,

=% = 19.0 logyoRef* — 32.4 (4)

The foregoing will respectively be termed the Newtonian
(N), polymeric (P), and maximum drag reduction (M)
regimes, the laminar (L) regime having been noted first.
Laminar to turbulent transition is not well detected by
gross flow studies and therefore only a brief description
will be given in Section 1.1.6 after the turbulent flow re-
gimes have been considered.

1.1.2 Polymeric Regime. Aspects of the polymeric re-
gime are illustrated in Figures 2a to 2d using P-K coordi-
nates with abscissae Resf%, all based on solvent viscosity.

The effect of pipe diameter is shown in Figure 2a which
contains data for solvent (hollow points) and the same
polymer solution in each of three pipes, of inside diameters
respectively 2.92, 8.46, and 32.1 mm. Two features merit
attention. First, the onset of drag reduction in the three
cases occurs at Regf*%* ~ 400, 1100, and 4000, the ratio
of which, 0.36:1.0:3.6, closely approximates the ratio of
pipe diameters, 0.35:1.0:3.8. Thus, regardless of pipe size,
the given polymer solution reduces drag only after a certain
wall shear stress T,® ~ 7.0 N/m? ias been exceeded.
Second, it will be noticed that, after onset, the polymer
solution data describe approximately straight lines which
have much the same slope in all pipes. The difference be-
tween polymer solution and solvent slopes, called the slope
increment, is in this case § = 11 = 2.

The effect of polymer concentration is shown by Figure
2B which displays data taken in the same pipe for solu-
tions of the same polymer ranging in concentration from
50 to 1000 wppm. For clarity, solvent (distilled water)
data have been omitted, being replaced by solid lines
representing the Prandtl-Karman law (2) to which they
closely adhered; also, ordinates have been shifted upward
in an obvious way for each successive set of data, and
straight lines have been drawn through the polymer solu-
tion points after onset. In each case it can be seen that
the onset of drag reduction occurs at a rather well defined
Regf*:°. Further, in all four solutions, spanning a 20-fold
concentration range, onset occurs at muclg the same Regf'%*°
= 1150 = 100. Thus, the onset wall shear stress is essen-
tially independent of polymer concentration. After onset
the polymer solution data are quite well approximated by
the indicated straight lines, the slopes increasing with in-
creasing concentration such that the slope increment is 8
= (4.3, 6.9, 11.7, 185) for ¢ = (44, 100, 300, 940)
wppm, respectively, Scrutiny of these results will reveal
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that § varies approximately as the square root of polymer
concentration with 8/¢¥% = 0.63 = 0.05.

The effect of polymer molecular weight is illustrated in
Figure 2c, using data taken in the same pipe with dis-
tilled water solutions of various homologous PEO polymers
ranging in molecular weight from 0.1 X 10° to 8 X 108,

It is apparent that, as molecular weight is increased, the l
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Fig. 20. Aspects of the polymeric regime: Effect of pipe diameter.

Pipe 1.D. 2.92, 8.46, and 32.1 mm, tempercture 25 C, solvent distilled

water, polymer solution PEO, M = (0.66 = 0.10) X 106, ¢ =
250 = 50 wppm.
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Fig. 2b. Aspects of the polymeric regime: Ef-

fect of concentration. Pipe I.D. 8.46 mm, tem-

perature 25 C, solvent distilled water, polymer

PEQ, M = 0.57 X 105, ¢ = 44, 100, 300, 940
wppm.
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Fig. 2c. Aspects of the polymeric regime: Effect of molecular weight.
Pipe 1.D. 846 and 945 mm, temperature 25 C, solvent distilled
water, polymer PEO, (M X 10~8, ¢ wppm) as follows: (8.0, 10),
(5.5, 10), (1.3, 35), (0.57, 300), (0.12, 2240).

cosities of the polymer in these two solvents, Rg is esti-
mated to be 98 nm in water and 85 nm in 0.6m KzSO,.
In Figure 2d, all of the data shown were obtained in the
same pipe; the bottom-most solid line represents the
Prandtl-Karman law, polymer concentrations are distin-
guished by symbols, water solution data (hollow) are
faired through by broken lines, and 0.8m K,SO, solution
data (solid) by light continuous lines. It is evident that the
change in solvent from water to 0.6m K2SO; shifts the onset
of drag reduction from Resf%® ~ 500 to Re,f%° ~ 800
but does not appreciably alter the slopes exhibited by the
polymer solutions after onset. Thus, a decrease in the di-
mensions of a macromolecular random-coil in solution in-
creases the onset wall shear stress but does not much affect
the slope increment.

The effect of solvent viscosity on drag reduction is still
uncertain, fragmentary evidence (Section 2) suggesting
that T,,® is independent of viscosity.

1.1.3 Onset. In summary, the onset of drag reduction oc-
curs at a rather well-defined onset wall shear stress Tw®.
For a given polymer solution, T,* is essentially the same in
pipes of different diameters. For solutions of a given poly-
mer-solvent combination, T,® is approximately indepen-
dent of polymer concentration. And onset depends on the
polymer random-coil size in solution, with Ty® increasing
as Rc decreases. The onset of drag reduction implies incipi-
ent interaction betwen the turbulent flow and the polymer

R R R T T molecule in solution and, among experimentally accessible
- (d) - quantities, T»,° and Rg are respectively the flow and poly-
- - meric parameters most relevant to onset. The relationship
- . observed between Ty,° and Rg in the pipe flow of PEO
L | solutions is indicated in Figure 3, log-log coordinates. Amid
scatter, T,,® varies as an inverse 2 to 3 power of Re. The
" B solid line in the figure has been drawn with slope —3 and
T ] represents the data within a factor 2*! over a 500-fold
20— =
! T T T T 1117 T T T 11717
N — Il — o l
1 - / 7
v s / . 102___ © Hansen ==
I / _ - O Liow .
- I, / _ : v McNally =
2 i // N & Paterson j
1 i
- Oé/ Low - &ﬁ“l = : z::‘kn n
© e 28 e ] Ogad |
o e 8- >
1
= o s 50 7 UJQII l 3
e o ¢ 250 A 10 L_ —
el L ,] - oo B
103 Bt C %o =
Res V’ N/ m2 B A ° ]
Fig. 2d. Aspects of the polymeric regime: Ef- 7
fect of polymer coil size (data from Pruitt, ~ n
Rosen, and Crawford 1966). Pipe 1.D. 4.57 mm,
temperature 22 C, solvents water and 0.6m - 8 7
K2SOq, polymer PEO, M = 0.8 X 105, ¢ = @\ '
10, 50, 250 wppm. ) a
10 — s
onset of drag reduction occurs at lower Regf*%*®, and strik- C ¢ 3
ingly lower concentrations are required to yield a given - B
slope increment. Molecular weight thus strongly influences W A\, ° B
the effectiveness of a polymer in reducing drag and, speak- .\ n
ing qualitatively, T,,° varies inversely and § directly as M. i l \ .
The effect of polymer random coil size in solution is e e R —
shown in Figure 2d, using data derived from Pruitt, Rosen, = 10 19
and Crawford (1966), who studied drag reduction by the Rg.nm

same PEO polymer in water, a good solvent, and in 0.6m
K2SO4, a poorer solvent. From their reported intrinsic vis-

AIChE Journal (Vol. 21, No. 4)

Fig. 3. Onset results for polyethyleneoxide solutions. Solid line corre-
sponds to an onset constant Q7 = 4.4 X 106, Data from Table 2.
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Fig. 9. Mean velocity profiles/ during drag reduction. See Table 5
for experimental details.

cisely the same as in the usual Newtonian case (Rotta,
1956). There is a critical Reynolds number Reg,, which
marks the beginning of a regime of intermittent laminar
and turbulent slugs that finally terminates in fully turbu-
lent flow,

2. L =» P. This transition is very similar to Newtonian,
with much the same critical Reynolds number, turbulent
slug lengths, and growth rates. However, the turbulent
slug formation frequency seems to be greater than New-
tonian and increases with the drag-reducing ability of
the polymer solution.

3., L- M. In this transition, exhibited by very strongly
drag-reducing solutions, velocity fluctuations are apparent
at Re ~ 1500, decidedly lower than the Newtonian Re,
= 2000, but intermittency cannot be readily discerned.

The kind of transition observed apparently depends
upon whether or not the onset of drag reduction occurs in
the turbulent slugs which appear for Re > Re. Also,
Re;, in polymer solutions appears always to be equal to
or less than Rey in solvent; in no case do the polymer
solutions delay transition. It should be pointed out that the
preceding summarize our data for triggered (that is, high
inlet disturbance) transition in pipes (Ohara, 1968) and
agee substantially with the conclusions of Paterson and
Abernathy (1972), but are contrary to those of Castro
and Squire (1967), Giles and Pettit (1967), and White
and McEligot (1970).

1.2 Mean Velocity Profiles

1.2.1 Law of the Wall. Representative mean velocity
data are shown in Figure 9, a law of the wall plot with
nondimensional coordinates of Ut versus log y*. On
the figure, fractional flow enhancement Sp is used to
denote the drag reduction. Other experimental details
corresponding to the data shown in Figure 9 are con-
tained in Table 5 of Section 2, casual perusal of which
will indicate the various pipe sizes, polymers, and con-
centrations used. The three heavy solid lines in Figure 9
respectively represent the viscous sublayer

U+ =g+ (7
the Newtonian law of the wall
U+t =25Iny* + 55 (8)
and the ultimate profile
U+ =117ly* — 17.0 (9)

the last arising from the maximum drag reduction asymp-
tote as explained later. Turning to the data, it is seen that,
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at zero drag reduction (Virk Sr = 0), the polymer solution
profile adheres to the Newtonian wall law. At low drag
reduction (Patterson Sp = 0.27, Virk Sp = 0.29), the
polymer solution profiles are shifted upward from but
parallel to the Newtonian wall law. The parallel upward
shift, called (after Oldroyd, 1948) the effective slip S*,
increases with increasing drag reduction (Goren Sr = 0.64,
Rollin S = 0.70, Elata Sp = 0.74). At still higher drag
reductions (Goren Sy = 0.94, Rudd Sr = 1.0), an upward
shifted region of roughly Newtonian slope is still discerni-
ble, but at the lower y*, toward the wall, the profiles ex-
hibit a slope significantly greater than Newtonian. Finally,
at maximum drag reduction conditions (Rollin Sr = 1.59),
the entire profile is approximately semilogarithmic with a
slope =~ 12, about five times that of the Newtonian wall
law.

1.2.2 Velocity Defects. A portion of the mean velocity
data considered in Figure 9 are shown again in a velocity-
defect plot, Figure 10, on arithmetic coordinates of the
velocity defect U;* — U* versus radius-normalized dis-
tance from the wall £ This is the conventional, and
sensitive, method of displaying mean velocity profiles
relative to the mean velocity on the pipe axis, the
arithmetic abscissa emphasizing the central region of
the pipe. The solid line represents the Newtonian ve-
locity defect law including a small, but significant, wake
correction as given by Hinze (1959); solvent data reported
by the investi&ators quoted in Figure 10 were all in close
agreement with this line but are omitted for clarity. Of the
results with polymer solutions, those at the lower, but
nevertheless considerable, drag reduction (Virk Sr = 0.29,
Goren Sy = 0.64, Rollin S¢ = 0.70) show velocity defect
profiles identically the same as Newtonian for 1.0 > ¢ >
0.05. As drag reduction is increased (Goren Sp = 0.94),
the velocity defect remains Newtonian toward the axis 1.0
> £ > 0.2 but is greater than Newtonian toward the wall
¢ < 0.2. At maximum drag reduction (Rollin Sp = 1.59),
the velocity defect exceeds Newtonian over the entire pipe
cross section. Evidently, the mean velocity profiles retain
a Newtonian velocity defect structure over a region, 1 > §
> ¢, which we will call the Newtonian plug, the inner
(wall-ward) boundary of which £ moves progressively
toward the pipe axis ¢ = 1 with increasing drag reduction.
Too, the Newtonian defect structure is retained despite
absolute velocities significantly, and by various amounts,
higher than Newtonian as already seen in the parallel up-
ward shifts exhibited by these profiles in Figure 9.

1.2.3 Velocity Profile Zones. The characteristic feature
of mean velocity proflles during drag reduction seems
to be the appearance of a region, lying somewhere

between the viscous sublayer and the outer Newtonian

plug, in which the mean velocity increases to above
Newtonian by an amount S*. While such a region,
which we will call the elastic sublayer, can actually
be seen in the data of Rudd (1969), roughly 15 < y* <
60 in Figure 9, other profiles at lower drag reduction do
not extend close enough to the wall to make it visible.
However, from the pipe axis inward, these profiles are
observed to be paraﬁel—shifted upward from Newtonian
by S+, and from the wall outward we have the conviction
that, in polymer solutions as in Newtonian fluids, the pro-
files must start out along a viscous sublayer and, hence,
between the viscous sublayer and the Newtonian plug
must be a region, characteristic of drag reduction, across
which the effective slip occurs. Mean velocity profiles
during drag reduction have thus three zones from the wall
outward: (1) a viscous sublayer, (2) an elastic sublayer,
characteristic of drag reduction, across which the effective
slip S* occurs, and (3) a Newtonian plug which retains
the Newtonian defect structure though absolute velocities

AIChE Journal (Vol. 21, No. 4)
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agrees with Logan’s results (Figure 11b). Concerning the
variation of turbulent intensity profiles with drag reduc-
tion, the data of Logan (Sr =~ 0.4) and Rudd (S ~ 1.0)
resFectively yield a ratio of maximum axial intensity in
polymer solution to that in solvent (#maxp’*/tUmaxs’t) of
1.3 and 1.8, while in the pipe core the regions where u’*
is the same as in solvent are 1.0 > ¢ > 0.4 and 1.0 > ¢
> 0.8, respectively. At (or near) maximum drag reduc-
tion, there is only uncertain information from streak pho-
tography (Seyer and Metzner, 1969; Arunachalam, Hum-
mel, and Smith, 1972), which suggests that (¥maxm’'*/
Umaxn' ) is 2.0 to 2.5.

1.3.2 Reynolds Stress and Correlation Coefficient. Reyn-
olds stress data reported by Logan (1972) and u-v cor-
relation coefficients calculated therefrom are shown in
parts a and b, respectively, of Figure 12, using a common
wall-region abscissa y*. In Figure 12a the ordinate is the
ratio of Reynolds to total shear stress, ¢ = <uv>/
ur?(1 — ¢), which is, of course, the ratio of turbulent to
total (viscous plus turbulent) axial momentum transport
in the radial direction; too, in the wall region under con-
sideration, ¢ is small so the total shear stress is close to
Ty, The solvent ¢ profile is indicated by the broken line,
but unfortunately Logan reported no solvent Reynolds
stress data closer to the wall than y* = 65 so the region
10 < y* < 65 is based on results of Laufer (1954) and
Bremhorst and Walker (1973) at comparable R*. In poly-
mer solution, the data scatter considerably and therefore
average values over various y* extents have been indicated
by steps on the figure. For 10 < y* < 80, ¢ in the polymer
solution is less than in solvent, whereas for y* > 80 it is
much the same as in solvent. In Figure 12b, the ordinate
is the u-v correlation coefficient Cyy with values computed
from the experimental Reynolds stress data of Figure 12a
and the axial and radial intensity data of Figure 11a. The
broken line represents solvent, and the polymer solution
data have been averaged as in Figure 12a. It will be
noticed that for 20 < y* < 80 the value of Cyp =~ 0.2
in the polymer solution is very significantly less than that
in solvent, Cy, ~ 0.44, whereas for y* > 80 values of
Cuw = 04 = 0.1 in the polymer solution are much the
same as in solvent. The observed decrease in Cyy in the
wall region during drag reduction suggests that the poly-
mer molecules reduce turbulent transport by decoupling
the axial and radial velocity components rather than by
suppressing the intensity of turbulence.

O’+«~e@5¢<§

T T T T T T T

(a) Reynoids Stress 5

O A Solvent (Water)
& [ l }

05— —

—
€ A Polymer Solution =

T R e o
Cuv 4 A A
A
E At -_-
(e} CIN O G O U N | * i !
0 50 100 150 200
y‘

Fig. 12. Wail region profiles of (a) the ratio of Reynolds to total
shear stress and (b) the u-v correlation of coefficient during drag
reduction. Data of Logan (1972).
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1.3.3 Turbulence Structure Zones. The axial intensity
profile, for which the most information exists, has three
zones:

1. A region 0 < y* < y,*, say, in which a* and the
magnitudes of u'¥ are essentially the same as Newtonian.

2. A region y,* < y* < y.*, say, which is characteris-
tic of drag reduction and in which u’* differs from New-
tonian, being higher. This region further consists of a
relatively thin portion, y»* < y* < Ymax*, in which ¥+
increases to 2 maximum value and the remaining major
portion Ymax® < y* < ye* in which u’'* decreases from
the maximum to a value close to Newtonian,

3. A region y* > ye* or 1 > £ > £ in which «'* is
the same as Newtonian.

The radial intensity, Reynolds stress, and correlation co-
efficient profiles do not yield information on the very near
wall region (1) but do show clearly the region (2), to-
ward the wall, which differs from Newtonian (v’*, ¢, Cyy
are all relatively lower) and region (3), toward the axis,
which is much the same as Newtonian.

There is evidently a striking analogy between the above
turbulence structure zones and the &) viscous sublayer,
(2) elastic sublayer, (3) Newtonian plug zones of the
mean velocity profiles considered earlier.

2. CORRELATION AND ANALYSIS

The object of this section is to correlate drag reduction
data, using the elastic sublayer model (Virk, 1971) as a
framework. The model is briefly described and then em-
pirically related to experimental gross flow, mean velocity,
and turbulence measurements with analysis and discussion
of the data used for this purpose, including a section on
polymer characterization. The empirical developments are,
of course, substantially model independent.

2.1 The Elastic Sublayer Maodel

The essential physical notion is that the stimulation of
polymer molecules by a turbulent shear flow creates a zone,
called the elastic sublayer, which is characteristic of the
drag reduction phenomenon. The elastic sublayer origi-
notes at onset, it then grows with increasing drag reduc-
tion and eventually occupies the entire pipe cross section
at maximum drag reduction. By hypothesis, all drag re-
duction observations can be related to the properties and
extent of the elastic sublayer.

The mean flow model is shown schematically in Fig-
ure 13, which defines all terminology. The general proﬁ%e
ABCD, consists of three zones: (1) a viscous sublayer AB,
y* =y,*; (2) an elastic sublayer BC, y»* < y* < ye*;
(3) a Newtonian plug CD, y.* = y* = R*, each with
the indicated mixing length constant and U*-y* relation-
ship. The inner edge B of the elastic sublayer stays fixed
at y,* = 11.6, which is the trisection of Equations (7),
(8), and (9), while its outer edge C moves along the ulti-
mate profile BM from y,* at zero drag reduction to R+
at maximum drag reduction. Comparison of Figure 9 with
Figure 13 shows that the model reproduces the essential
features of the experimentally observed mean velocity
profiles. The effective slip is related to elastic sublayer
thickness by

S* = (Am— An) In (ge*/y0*) ~ (18)

Integration of the profile ABCD by segments yields the
friction factor relations:

Uzt = ApnInR* + B, — 1.5 4n
=A,InR* + B, — 154,
+ (Am— A) In (ye* /%) o < ye* <R* (14b)
=AnInR* 4+ Bn— 15 4n (14c)

s Yt >yt (14a)

s y,"' — R*

AIChE Journal {Vol. 21, No. 4)
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