
PHYSICS 211B : CONDENSED MATTER PHYSICS
HW ASSIGNMENT #1

(1) Define the operator

ΠN =
1

N !

∫
RdN

ddx1 · · · ddxN |x1 · · ·xN 〉〈x1 · · ·xN | ,

where
|x1 · · · xN 〉 = ψ†(x1) · · ·ψ†(xN ) | 0 〉 ,

where
[
ψ(x) , ψ†(x′)

]
∓ = δ(x− x′) for bosons (−) and fermions (+) . Here each xj ∈ Rd.

(a) Show that ΠN is a projector onto the totally symmetric and totally antisymmetric parts
of the N -body Hilbert space for bosons and fermions, respectively.

(b) Show that one can also write

ΠN ≡
∫

∆N

ddx1 · · · ddxN |x1 · · ·xN 〉〈x1 · · ·xN | ,

where ∆N is defined to be the subset of RdN for which

∆N =
{

(x1, . . . ,xN ) | x(1)
1 < x

(1)
2 < · · · < x

(1)
N

}
.

(2) Compute the Hartree-Fock self-energyΣ(k) for a two-dimensional electron gas with in-
teractions u(r) = e2 ln(a/r) (where a is some fixed length scale), and the one-dimensional
electron gas, with interactions u(x) = −e2 |x|. Take note of any divergences you encounter
as a function of k.

(3) Consider a polarized electron gas (three dimensions, Coulomb interactions) in which
Nσ denotes the number of electrons with spin polarization σ.

(a) Find the ground state energy to first order in the interaction potential as a function of
N = N↑ +N↓ and the magnetization M = N↑ −N↓ .

(b) Prove, to this order in the interaction, that the ferromagnetic state (M = N ) has a lower
energy than the unmagnetized state (M = 0) provided rs exceeds a critical value rs,1. Find
that critical value rs,1.

(c) Define ε(ζ) = E/N with ζ = M/N . Show that ε′′(0) < 0 when rs exceeds a critical value
rs,2. Find rs,2. You should find rs,1 < rs,2. What happens for rs ∈ [rs,1, rs,2]?
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