
-

Einar 131=4 Nti IFI t 2Nk3 ' -4¥ do Itfttit It, tacos 0

where the subscript "
var

" reminds us this is a variational

energy ,
i.e . Eora, = cttrarlttsst, I #var ) .

In the limit

where a' tick
,
we have

EY.ru#=4hftIyt2k5 - 4¥ - 8¥25 In ¥5) t .
. .

and minimizing wrt 3 gives Ef
gt = jeff e

-Tikka't
~ , y
w

Thus
,
the system prefers to spontaneously dimerize !

Lecture 3 (Jan . 12 ) : Edge States in the SSH model
The effective Hamiltonian for the fermionic sector of

the SSH model is

H = -¥
,

It , atnbnttzb.name , t Hic . )

where Nc -- th is the number of unit cells
,
each of

which contains one A site and one B site :

A B A B A B A B A B A B
"

÷÷÷i÷÷÷÷÷÷
. - -

hopping amplitudes : F. , of; No -- IN = # cells



If we write H 14 > = EH > with

147 = { (Anata t Bnbtn ) 107

then

E- An = - t 2B n - i - t ,
B
n

E Bu = - t
, An - tz Anti

On a ring with periodic boundary conditions, An + Nc = An
and Bu + Nc = Bn .

Thus
,

II. tell = - II. III: ⇒

ftp..it#.lEeIiIIHfiiln..:...t.i.B.a
.B

•With translational invariance
,
we have a

• :
⑥

.

th: ) -- zf.mn. . ) : .
.

- ⑥
8

ika o •

with z -- e with 2=2a
,
and so • •

.

.

'

Et:
.

" "

.

I:#His:D -

-
o

which requires that the determinant vanish , which says

ZE
'
-

- ft , tttzllttzt, ) ⇒ E = ± It, tztzl ,

as we found previously .



Now let 's cut the link between Bnc and A , . We then

have

① fist Eet: t.hu:1
② visit -- ¥18

'

¥
. tis. RIM

For n E 12 , . . . , Nc - t ) we still have

③ Hs:L -

- ¥
.
I II:X: t.nl::L

We now show that in the thermodynamic limit that when
1. rt l l

,
where r = t.tt , there are two E

-

- O edge
States

. Setting E -- O , ① says AE -RA , and B, = O .

Now iterate ③
,
which says An -- f- r )

" "

A
,
and Bn -- O .

In the Nc → a limit , the normalized E -- o wavefunction

localized at the left In -- it edge is given by
b,

An -

-E l- ri
- ' em A

-
a-
- -

B
n
= O -

-

•

To find the second zero mode , start at the right edge
n -- Nc with ② ,

which says Bay , = - rBN, and Anc -- O .

Then iterate the inverse of ③ ,
i.e .

E:t÷t¥¥¥H:



to obtain Bn = I- rt
" - n

Bnc and An = 0 ,
hence

An = 0

Bn = Fei B fr ,
Nc - h

is the normalized wavefunction
.
For Irl c l there are

thus two E -- O edge modes . For Irl s 1 these modes

are unnormalizable .
The spectrum for t , = tsins

and t z -- t cos 8 is as follows :

←
bulk spectrum

t JEIk I
= ± It , teika-El

-

w

NB : If we cut the link between A
,
and B, , then the E = O

edge modes appear for Irl > l instead . For Nc finite ,

$!!! = M
" - 473;) -- M"

- '
L (g) = Rlg ) ⇒ det (M"-2L - R ) -- O

• Topology and SSH
The cell functions of the SSH model are spinors

ith -

- fit!Yu, )



which satisfy
HIM Tillet Ethel Tillet
-- --

-1¥"
"oh 'll :: in't -- ein ill

where tht - t.tt , e
-
iha
and E±lk ) = I Itlkll . We

define the polarization F± of each band as
Tila

P± = !L¥ suit hell In Tutin > =fd¥A±lH
-Tila

where

A-
±
th ) = is it± 141# tu± 1h17

is the Berry connection (or geometric connection ) . Note
that P± is defined only modulo an integer , because
under a gauge transformation tu

±
this → e

- ink't 'u±Hh
which is single - valued , we have

2h
'

Pt

Atl k ) → A
±
Ik ) t 21 e

-

gauge -
invariant

2K
m

P± → P± t ¥141421 - lethal ) = P±. th
-

must be an integer, ne 27

Solving for the cell functions, we find

"AHH = IF I UB±lH=Ifzt¥Y÷ = I fze
- i ④ 1kt



where ④ In -- argtlkl with thel -- t, te
-ikttz .

Thus

P±=¥§d④ = { W

where W is the winding number of ④Chl around
the Brillouin zone .

Im tIk )
II m t IH

t, tz#¥- Rethel ¥-12ethel

I

Irl = It , Itil > l Irl -- Hittite l

W -- O
, exp (2mi P± ) = th W = - I

, exp 12miPt ) = - I

Thus
,
the topologically trivial phase with no winding

and exp 12mi Pt ) = tl has no E -- o edge States, while the

topologically nontrivial phase with exp 12mi P±I= - l has an

exponentially localized E-- O edge state (in the TL ) at each
of the edges .

• Dirac equation
Dirac Hamiltonian 11928 ) : H = CI op t pma
Bohr : "what are you working on , Mr. Dirac ?

"

Dirac :

"

I am trying to take the square root of something!



I = ft '
,
52
,
T
' ) , p

-
- T
"
(all Hermitian. )

all anticommuting , with CT
")
'

= 1
.
I.e .

{ TM
,
Tv ) = 28M (Clifford algebra )

Possible so I ' : rank - 4 matrices

'
' =x④e=l ! ! ! ! ) .

Hey④ e. =/!! ÷)
t
'
-

- zxox =L! ! !
,
} ) ,

Miz④ Y =

'

÷ !. ! )
to which we can add

1-
5
= - t't2531-4 -- 2-④ z = %o%

,
)

Here x -- l : 'ol
,

'i'=/ !
-

oil and z -- foot are
the Pauli matrices

. Exercise : show It"
,
N) = 28M.

Now suppose H = I . F where I -- Id , , da ,
d
, , dy , de ) E 1125.

Then

H
' =D
,
du T " T -

- Id, do IT
"
,
T )

=

'

zdpud 28M = It . I

Thus we must have four eigenvalues arranged in two doublets :



X
, ,

= + toll
,
Is

,
y
= - toll

with I = ( Cp × , Cpy , Cpz , ma
'

,
O ) , we hate × ,

-
← electron

toll = Jdp→tm a.am gassiest
The double degeneracy is due to spin . ~ ← positron
'

Massless (m -- o ) case : Dirac cone / \
x 2

In D= I space dimension , there are two Dirac matrices , X and Z :

H -

- cpxtm.az = ( Y; .
X
, ,z

= I Idp2tm = Et (p ) Dw

- Bound States at a domain wall FV¥
Write

= (
mini - ihc

H = - the 2x X t MINE Z
- ihc Ex -mixla )

where k ) = LIT but c may not be the speed of light.
Consider a domain wall in mix ) : m

man .im: :: :c:¥:
O

Let's solve the Schrodinger equation separately for xko ,
and impose continuity at x -- o .

We assume a bound



State for which 41x → to ) = 0
.

I 1711

a x. o : Im . It! it -- title- Kx
Hillxl = fiticv, X t mad Hillx) = E IN

A nontrivial so I ' requires

detfihcr, X tMIZ - EI ) -- O

Mz d l
>

⇒ diet ( it -m

= E- m:c
"th'd 8,2=0

Thus
,

V
,
= ± lmzc4.tt/hc

When m
,
a LIE I

,
we have the ITR , corresponding

to a plane wave solution . When mad > IEl , we have

a normalizable real so17
, choosing the positive root for 8> .

The corresponding eigenvector satisfies

4
" "

¥,
= -
itch
Mz CZ - E

For xso ,
write Tum = ftp://etkx

Substituting into the Schrodinger eqn yields



deff
-M " - E - itch

- itch +m
,
a-E) = E - mic 'tthat: = o

'

hence 8
,
= ±Imic4#/hc .

With mid > IEI ,

choosing the positive root for K ,
we obtain a real,

normalizable solution
,
with

4!"
-

itch

Tui
=

THE

continuity at x-- o then requires

mine = :* ⇒ II:F=t÷
When E -- O we have a solution ! The solution is

Ilxl =ffmmY (
'

il e- tmlxkxllh

Note this is ④ bound state
, exponentially localized

about the domain wall at x -- O .

General mlx ) : For a general function mlxl , we have
a zero energy Solt -41×1 provided

f- iitnc X Q, t mix , c ' Z ) 41×1 = 0



Thus 2×41×1 = - Ih mlxl YIM .
Now in order to

have a Sol 's
,
we must have that 47×1 is an

eigenstate of Y .
We write

it txt = fzl fled

where
y
-

- ± I . Then

2. f- txt = - n f- mlxlflxl

Axl = A exp f- y Ef'dx'may )
normalization constantI

In order to have a normalizable soft
,
we must choose

y
-

- sgn @ lol -ml- al)
A bound state solution then exists whenever minim l- al so

.

• Helical edge States in d -- 2

Schrodinger egin : l- ihc T ' ax - the T ' dy t mlxlc'T 4) I = EI
lil illx. yl = A fix) eik.ly/a5,tp5z ! with 1-25,2=5, ,z
and E = tricky .

Note T ' = Y④1 so

sit :L . sit :L #
m = m(x )



lii-4lx.gl -- Bglxleihillr -5+8-441 with 1-253,4=-5, ,y
and E = - tacky .

Note

sit'÷l ,
sit

Thus for Solh ( it with E -- ttckg , we have

- ihcdxflxltlla5.tp-dtmlxldflxlt.lk 'S,tp5, 1=0

But

1-
' 5
,
= i }
, ,

1-45
,

= II
,

T
' } = ily , 5452 = - it

,

T
' -5
,
= - i }

,
i 1-45

,
= i -52

T 'T
.
= - II , T

" I
,
=
- i -3

,

and so the equation for Sol
"

Cil becomes

tc2×f(a },tp5y ) tmlxlcffiptsztia541=0
which requires

I. = - tip = - Ip ⇒ p' = - a2

So we may
take

a -- I
, f- i : 2,1nF = - f- mlx )

x -- I
, p

-

-
- i : 2,1nF = t f- mlx)



For Sol ' Iii ) with E = - tricky ,
we have

- the 2×g T
' 183+8541 + mixleg 1-

"

( 8%+5441=0

⇒ - tic 2. g. ( VI t 852 ) tmlxlc
'

g f-
ist

, tired = O

and we conclude

§ -

- s= - I ⇒ s! - r
'

So we may take

V -- t
,
8 -- i : 2. Ing = t # mlx )

8=1
,
8 = - i : 2×1ng = - f- mlxl

Thus
,
the solutions are :

Lil E -- tricky ,
4=+1

¢ I
I. IX.yl = Aeihyy e

- El '
m" "

( g- + is ,

Iµ , y , = Aeihgy et Ef
'd" m" "

15
.
- ish
← ( ÷; )

Iii ) E = - tacky ,
Y -- - I

Iyx.gl = BeikyYet
It!"'m"'t

,
+ ijy ,

← (I;)

II. x. y, = Beikyye- El
:b 'm" " is

,
- isy.fi;)



Thus
,
if m lat s o s ml- al , we have normalizable

so tht it, and ily , while it m lol so a ml-ol , we
have normalizable sotht it, and Ty .

The time - dependence is

1 ; ) eikyy e -iEtth =
eikyly - Ct ) r

,
Y = ti

= eikylytctj !
up - move

( if eikyy e- iEtth down -mower ,
'

Y = - I

• Lecture 4 IJan 14) : Adiabatic theorem and Berry 's phase
consider a Hamiltonian HII I dependent on a set
of parameters I -- l X , ,

. . .
,
kid

,
with eigenfunctions lentil) :

HII ) lentils = Enlil 14h15 ) )

Now let I -- THI be time - dependent. The adiabatic
theorem says that if IItt evolves very slowly , such
that DEN . t ish

,
where it is the time scale of

the variation , ice - t -- ill ill , and SEN = Ent , - En

is the gap between
consecutive levels

,
then the solutions

to the time -dependent Schrodinger equation

That I HI > = HIIHill #th

are proportional to the instantaneous adiabatic WES, with

titinlth = eik Itt e - it't
It 'Enlilt 'll

1915141 >


