714:/5/ /'7[ M/ooj > 0 ) ml-»] ;, We have norma/:'iﬁé/e
Sof 2 4/, and l{/L{ / hile if mfn) <0« m(—=) , we
howe pomolizoble sl U, and . The fme—deppnclence s

[i) eij)’c_fE-[;/‘t. L @,‘/(j(j—C‘f) ; U})—wovcr Ry
['1) f;l(yy €—|'E+/# L 6/4](7*’0{') : ddwn—movef, Y______]

o Leckwre 4 (Tan 1) - Adicbabic theoverm and Bawj’s P/mfe

Cowfip{{}v A HAMl'/ﬁn/'hm F//i) Glefaemp{,enf /m Qa 587‘
of ?amMe-l-BrJ‘ :\' 2 {}\l) Al )\Kf with giﬂgmﬁnofrw.; [ﬂ/j\]}:

/

HIXY R IR)> = €, 18 (X))

Now o4 X= A2 be ‘/’iME—a/!.’IDem/fnT. The adinbatc

theovem sayS fhat i Alt] evolees very slouly , such
hot AEV" T»H y wlﬂ&’ﬁ T 15 the Hwme SCa/E oF

Hee \/avio\‘['iowj 1@ | T = IM/I.XII and AE, =£,,, "€,
15 the g4p betvien covsecutive lewpls thon the Solybons
+o ‘/’h(’ ﬁmﬂ—o/@;mm@mf 564f50/f:r79r fgaaﬁ‘aw

4 j—t (D) > = HiZ )| Fr)»
AVe ;befar'l‘faw&/ +o The instantaneovs adfﬁéaﬁ‘c /1//:;/ with
/0, () ,,‘A"/ft’g/f\/t‘l)
W) =" e |

-

b(NE)>



with wececkons which anish expognt dy in OF, T/,
We Yﬁfojwi%c the EXP[—ifx—:/oft' En/;(/f'/)] term as the
djnamim/ PW\SC accruc’o/. What is X,/'H? 7Z/<fnj fhe
Yme derivabive qud Hen the ovar[af) with Wﬁn[j\)\) we ol

& _ oornl 2l i
;[l)g - <R | @, (A1)
= K, 5 220 o A )

wWhere
AR u%(%\ﬁ\%ﬂw

s the BBrrj [or jeome%ric) connection. TL \[t) Fravertes
4 closed loop C in he space of parsmeters, thow [T, [

Will ALrve o jeomefﬁ‘c /»/ms& /A\/fo called BBWJ'S ,olmse ),
Y,c) - 6N - A, ()
C

We n aJSo @limimlf 1146’ @mmical Phﬁ\!e 8717/7'»'79{7 \b]
detning H.[A) = H=E(X). Then i#

,%;/t l{i’n/tb SYYRON), @,‘/t) >

in e odinbode [mit e have \\T{,\/#b = C”Wﬂ\‘d/ilt))).
Note thet- the 3€0M€7‘ﬂ‘c FWJC IS IvarenT vroler Hme
repmmme+er£ 2;1;\7")'0,1 aMd D‘BIDGM&E aw\/j on #’6 Pﬂﬂ%
%faversed b] A e })arameﬁ}r space monifold M.



Mﬂtﬂrﬁmaf'm/ 567"/’"‘:7? : Herml'/'l.an /r'ne buna//e over M.
The poramettr space manitld M is fhe base space,
and the adinbabe WFs (NS> ar Hhe Frbers ]
wlaiclq ave prv/'ec%'onf of & Hi/berf' .Spa&e H. The
odiababc theorem fvmiches vs with o debn itron
of Po.rou"&l :l:‘raMSPor7L of |@.(A)> a/ovj a coeve [,
The DbJ€6+ /4,,/:\) s The covnlrhon and 7he ger_f/
lese %/C) (s ﬂl@ lvolov:omy) wlr/cb 7%»’ O c/oged
/0°F does ot Olepﬂl'\d ow The 57{5’7‘7‘{7 /Dofrﬂ". The
CU(VA‘}'”V'(’ '/CMSof 0][ 7%@ bum&”@ IS j:\/ﬁm Lj

v p
213 = Lo - 2
9/\/,4 3/\;
IO L AN i 3
"<9/\,,\ax‘,> AW P



Using completeness of e adiobstic basis, we
may Write ) #n

OH oH
1] e LL 10> <5 1D D ~ (e
o= ot ai\”s;_ =
/ (E,(3) - £(5)
Mote that the cwnnechon is Jane»mVarzbmf/ Vi

0> - e Ve 5 AR - AL - 20
;

The CUNO&‘IWG) how&’v&’/ < jmﬁe—/'nvmiamf (an
we Fix o jamje ﬁna’j/‘ve an u,mméﬁuou: defons b oF
‘/1,1@ omechion A':/j:) ¢ One wa\bf Myk% Le fo chosse o
?a/#wlﬁf Po,‘n‘/‘ (n spacet 7’; &MQ' a/e/mw/ (7‘A¢JX)>£LR+
’ﬁr all :\éM But This }DFEI(V‘()‘J?")'(/V» foils iF There exists
a yale of A whae A )0,03)> = 0.
The /'#I”fﬂ‘»/ of The corvetve S?,:z[:\) over o closeol
Fo —dimensioval base Space /5 a 7'5}’0/%"“*/ jvariont,
USt‘nj Stokes 'J'I'\L’Dfﬁr’h/ we Wy W an Gréa /‘mlfgm/
of fhe corvodvre info a [ae /‘m‘tgym/ of Hhe cmnechon:
[d'a 2503 = - I 4dh-A )
M G &
whert C; eulosts Hhe ;7 singulariy of AT




Covnterclockisise faghion (M is assumed o~eatnble)
j‘nju/ﬁfl%lﬂ»’ occur o fmiaf; /—lj whgr@ IL,Dh[:\;} » s
ill defived /USij, Tfov- CXﬁM,O/e} The prescripfom
(\7‘0 ICP,‘ [3\) > € [KJ . T 1he w'c:‘mb oF @ ﬁ/\/gn
j‘u‘n‘?u[wl'&, e connech om has varvlex, k@/mw:iﬁ Qs

N e A=A Jrég 4=
AR = =4: < o (\z/\ |+ A(3)

ercln Gan 19(? ‘lynwuvd” 'Lj Q 5[»1}(//&1/ janﬁ

')"mwsﬁrma/ﬁbm ) 2
3 Q. S\,_S\ U \/,:)'(:i

|, (X)) Rk ‘)IW,\,’D T

vortex

with  3(3-30) = W LA A -2 )] s,
Ol Ein"fdz/\m/’w =19q; ¢
M [}

TIn MWH\QVMotHCa‘ PAW‘MCE, C,,\ s fhe Cltfﬂl HUWAQ/
of The Hev midian /fnc" bundle l‘orffSpawdﬂﬁ +o the
adicbotic wavefonchm |4, [3)> .

. Example, : S=3 object in a majnm’a'c peld
The Hami oo 7$ _
R 11, Cos & 5?n98p'(]£
H/B/’H) = 3/,{5 B-o :j/“.BB S')MBE;d’ | 410



where Blt) = Blt) nit), and n=[supeosp, sinBsing, cosb).
%8 ad/aéodfc Blgﬁnyl‘unc%'anj Are

gy =(y)  em> = (%)
where  U=cos? aad v:singe}d’. Then
HIB) )4, (3)> = + gu,B
The crmechoms are -
A (t] = i<6€,]{ﬁl‘@> = ifdurvo)= -Ll-tosb) b=-do
A_[t) = i<@/ﬁ—l‘@> = lvv+uin)=+1(1-csb) § = s 1

here i s Hhe diffeventic] solid aﬁ/e svbjended by
the path Alt). Tws YV (C)=-Ju, is 7] Fimes he
Solidl omgle subtended bj ;’CH'_) on The Bloch ,;/zhgrc.
We shress ’ﬂmJ' Xf/ C) is de/:eﬂﬁénf ””\/7 on The /DAM
of Aself ond s ‘}“fmf—VEPan/aW@)[@’fZG-/‘v‘m Snvariant-
e Wonc’m‘/ﬁ of the commechons ave fhen

A ()= 0 Af{m::g//-m@)

/

avd the curvatvre IS




Tm*:ﬂrm—]-izj over the bnce 5/&42 52

J

C, = —fdff’ fcl@ [945

For ang ok =2 Hamiltonion HI3) = AR) 0(3)-5 + £, (A1
the Chemw yu/w\laerj of The +r0 !mwm/! arelﬁ/\/&h %7

1 QV)
IFEE: :,-—jf“ a,\l "o

¢ Tuo bomol Moolels
The Mﬂ jloace 741.’ 2D /o«#:ce 7(7‘5‘»% bm&ll@ Moc/e/f 1's
the 2-Torvs T coordivat 2ed ny /9, B, where

7%:/b f—-b

s 4he Bloch wavevector |abelin g Fhe adiabar ejmﬁ%kj

of 4fhe HomiHonian HE). We may Hen v ite
S Ey = Ea+
fi) = £f6) + b6) )5 <, ALl TA

ond

21 1 5 94

1 . 20 9N

Ci"—fq;;fdg‘[d%” 20, " 8,
0 (o)

Mote fhat C,+C_= 0. For a HamiHonian
H=d(8)+dlB)h



S8, 0
e define x x/m, 9’;)

o”é} (Sw,ﬂcos)( ,5m295m9( CoSZ/a — -
(6,,6:)

where o aveid confusion it She Bloch Péajej We have
Fakow /9)4’) —* [ﬁ X). The adiakedic WFEs ave

SLLQ .Smlﬂ'é’ ?(
ILP.}?—( VLC'X) | J?_)“( COSZ”'/

The 5’\”5‘/[“'"{7 ocos when V=7 wheve X is il ~depned.
We must then Hind all /Jm'mLS [8,,8.) in fhe B2 fovus T
svch that 1(6,,6,) = 7T, and fhen azm,m'f the wfwa//wj,
of $=-X oas B winds covattrclockunse aroond 5‘-.

(LJ@ hw& To dedine S = —X becaufe the S‘irzﬁulMi—J-y 1S at
'H/l(i SOU‘H'I 'PO‘C On %e B[o(/l'l S’Flﬂer’e ) Two moold/ff

(|) Tx'H Fj Suv PerCUV’dUU/'ﬁV .

; M—,Z‘l'6059‘*2‘t00!9;_ A[J/""&l "’.f/“ﬁz)
H/®

A [sm b +ism PZJ —m+ 2% cosB, +2t 050,

(A sind, , Dsinby, m -2t costy-2tcest)

dip) -
.o, (8)=0

= |;|>I /SM?}COSX / Sl-Wﬂ‘j‘]lMX/ Cos Z})
(i) Hauﬁwf howgcomé /a#/ce model :
d, (6] = -2t [es8, + Cosby ¢+ s 61762) | cos

d, /5) S = t, (I+C059,‘}_6059;,J

d;{§) t,/s’m9j -51‘h92)
0‘3[5) VVI—,21—2[5‘“"‘9)+5iw{9;”51‘w/9,+ﬂ2)]5l.n¢
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Analjs»‘; . see lechne nofes §4.4.6

(17, 17)
Hs | C
Resvits o i we-dt ] | b T
: _J 2l if me[-4t0)  —
(i) Cylm) {?I it mgfo4t]  TIC i
o f ms 4L T K
(0,7T) o, 0)

(ii] phase ohagram : (m,0)

m/3V/3t,

. Chern numbers for Hofstadter's model (savare litice):

2los (9? f O o] e 8
1 Deos (D, + %) f |
H Tt © I o
': 0 | 1
e-l ( ) — | 3 (b, Zn{q,—wp}
2cos 6 +~g )

Recall Hofstadier's butlerfly Show/rz? Hhe specia vs. f/ﬁg%’%’

OC/“X 700r ’ﬂ/\(‘j .S’g}tm/e /0\#{5{;: l l I l E ’ +82‘""P/ﬁ
9_25'
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Eoch Eev9Y Gap is associoted wth o Chern nuwm ber. P/w%;g
the Chew nombers in color 71~e]ds The Avrou.-/-/ofs/-adlavby#gaqj:

-10-9-8-7-6-5-4-3-2-101234678910
S ]




l—/oneywmb /W‘IL/LZ Avf'on-—/qoa[ﬁaa/f&r ét/ﬁlﬂrf/y :

-109 8 .7 6 54 -3 -2-10.1 2345 6 7 8 9 10

&8

o Semiclassiml djnamics of Blocjo Mavefacka‘fs
The Hawil+onian 1

2
HIt) = o= (B« £AR ) + V(F)
with E = —g%% and ’z%J%Z. We choose o

jauae in which theve is no sulavr Poﬁ?mﬁ@/: d=0.
We art interested in describ ng fhe Semiclnsicol
6V0[U7L;on o-/-\ Bloctr Wave I’Da&k@ﬂt‘j



