
+ iq #de - ittottheiitotthoieittotthojltiyeittotolhff; ) ) × ① It- t 't
= iz C l Qi Itt , If It 't ) ) It - t 't

where C - - - 7 is taken in the state III; > = eittototh.to ,
and where t

'

> to by assumption .
We may take to → - o

.

Thus we have obtained the important result

Xijlt - t 't -- iz l l HI
, bij ft 't ) ) ④ It - t 't

The average L . . . > may
also be taken with respect to

a Gibbs - weighted distribution of initial states , for

the case when T > O .

• Lecture 12 (Feb .

I 1) Spectral representation :

Inserting a resolution of the identity I. = § In > an 1
,

where Holm = En la > , we have the spectral
representation of The response function ,

nxijlwtiel = Ih ofIt if i Itt , Q; lol ) > eiwte
- et

em I -- * E. Pml 'mw'II:i:¥i -
'ItE¥

where Wm = LE
m
- E

o ) th is the mth excitation frequency .

This is often called the retarded response function ,
because of the ① It - t

' ) factor in Xijlt - t
') . Note

that I ijl- w ) -- Kijhl , which follows since Xi; It -t 't E IB .



A related object of interest is the time - ordered

response function ,

Xtijlt - t 't = iz s 'T QiHQ; It'll
= th 's QiItt j ft 't > ① It - t 't t izcojlt 't itth ① It

'
- t)

The spectral representation of X It - t 't looks very
similar to that for Xij It - t 't = X :}. It - t ') :

Kif (w tie ) =
'qq.npmfmtiilnkhloiilnx-cmlo.in#oijm ,W- Wm t Wn - iE w twin - Wnt iE

)
✓ N. B

.

The difference relative to I ?
;
It- t 't is shown in red .

Look closely or you might miss it ! It is the time -

ordered response function which is computed using
diagrammatic perturbation theory .

But one can

retrieve ixrijlw ) from IT; Iw ) from the relations

iii. in -

- t.int#ep-hW-l
x'

'

i'in -

- i÷a . Eiteleptnw + 1

For the diagonal responses , with i=j ,

i ' in -

-
I hi

,
I
"

hi -- I ' in tanh Kent



Spectral densities :

Define the real and imaginary parts of

CmlQi In > an IQ
,
- Im > = Amnlijl t iBmnlij )

Now define the spectral densities

¥÷;::D -

- a-
'

E. Pmt:! sin - wntwmi

which satisfy
97; lw ) =p Iwl , p?; l-wt = e- Fhwp?; µ ,

fight = -pBjilw ) , p :3. I- a) = - e
- Bhiwpisijlwl

The response functions may now be written in terms of

the spectral densities , viz .

ijlwl -- PIIu paijlul - tilt - e
- Btw ) p?jH

I'ijlwl =P
.

flow ftp.?jluItTih-e-Bhwlpaijlwl
Energy dissipation :
Rate at which work is done by external fields :

PHI -- off it'tth Hot#Ith = §. filth digit



Total energy dissipated :

W --f.It Pitt =.LI#iMijlwlIi4wlojlwl
where

Mijlwl -- I liijlwl - Kiit- wt )
.

= awh - e
-Mw) fptijlwltiprjlwl )

Note Mlw ) = Mtlw)
,
so Mlw) has real eigenvalues .

Correlation functions : The correlation function

Sijlt - t't = cioifttoijlt 't >

has the spectral representation

5.jlwh-h.ae?jlwltihp?.jlwl--m4nPmcmlQiglnssnlQ.lm > 81W -WntWm )
We have that pm =p, eaten

- Em!pneihlwn-wmlepnephwsijl-wl-e-fhws.gl
w)

,
(w ) -- Sijlw)

and

Mijlwl --
TI Ii - e

-Btw) Lw)
a.

a result known as the fluctuation - dissipation theorem .



Time - reversal : Mi = II

toil " -- y¥i ⇒ '

Sijlwl -- yin ; Ii Iwl = min ; jlwl
Continuous systems :

Sijlx - I
'

,
t - t 't = IQilxtnojlx ', t 't >

5.jlg.wl-fadtfdxe-iitxeiwtg.jh.tl
= f.It eiwtcioitg.tt it-Eth

where we assume translational invariance
.

Example : density response and correlation
The perturbing Hamiltonian is taken to be

it
,
Itt ⇐ -folk inlxllolx.tl

where n txt = ¥
,

815- Iit in the ordinary canonical

ensemble . The response Sn = n - no , where no
-

- c Eto Int #
o
)
,

is given by

< Enix
,
t ) > = fdtfopx ' XIE - I ', t - t 't allI

'

,
t 't

<SHE ,
uh = XIE , w ) joy , w , rig

.

-

- §.
e- is i

⇒ riff -- ri - I
with

xian . #ER '¥i÷ - i¥÷



= If:du Shimla - E.ie )
and ←

in magnet , Stg = ? e-
II't

SII ,wt
-
- t.nl?mkmlnElni58lw-wntwml

The quantity SIE , w) is the dynamic structure factor .
Note that rig = IE, e

- i 't ' Ii and hence riff -- in - § .
*

Scattering :

=p,
p -trot . E - tiwnthwm = E - tw

The scattering intensity is , by FGR ,

I. to ,
w ) = 2¥m§. Pm km , Flit . In , p - th

.

> 1281W -WntWm )

= II total
'

SIE ,wt
I form factor

In neutron scattering , for example, the neutron is "
on shell

"

,

meaning Elp) -- 1542Mn .

Thus

Elp - AEI = ¥jnn = Eliot - t w -- II
.

- t w

and so

aw = -hEm - hh÷
which says that at

fixed momentum transfer tg, the



frequency can be adjusted by varying the incident momentum p .

Another case of interest : foreign object (e . g. , impurity ) moving
at fixed velocity J . Then

Toto ,wt-fdtfd3xeilwt-E.io/K-VtI--2ti8lw-'q-Vtotgl
and

is in tq ,wh = 2h 81W - t - El XII , wt Total seq , w ,

I fixed 5=0
Sum rules :

From €§
SIE ,

wt -- t.nl?mkmInglni58lw-wntwm1
°

we obtain the first moment

-

IoTw w Stg ,wi = tf Epi Pm Kml inEln > 12 (wn - Wm )

= tf m.fi Pm smiling In > cut It , into ] Im >

= facing lit into > = 2¥ cling ,
It , item?

where the last- equality follows by inversion symmetry lE -s - II .
If the Hamiltonian is of the form

it = - In ¥7: t UK . .
. . .

. In

then with
. into =

.

¥
,

e
iE - Ii

we find



It
, int ) = - II E. Toi , e'

'

E - Ii ) =I÷mg . !E
,

tie is it eicixio
.

.)

( ing , I Hing:D = Ying . ¥
,

le- iEti , g. eisxiseig.sig.) = NHI
m

we have just derived the f - sum rule ,

fjdwwstq.nl = NAI2M

In general , the rth moment of Stg ,
w ) at fixed E is
r times
-

f.Ew ur scam = # t right, It , - -
- lit , n' toil . - I >

Moments with r ti depend on the potential . The n -- o moment is

Slott IIIw SIE , wt -- fringing. >
= th folk in Tx ) n lo , > e

- i fix

This is the static structure factor , the Fourier transform

of the density - density correlation function .

Compressibility sum rule : The isothermal compressibility is

k
,
= - f 2¥ I, = n

-ZIZI ,
< 8ns = 110,018,u ⇒ K

,
= In- Z l im

.

f.Iw w
- '
SIE, wt

g -so



Single mode approximation :

For each of , Stg , w ) is a distribution in w . The

approximation stEHµµ fixedStg , w ) I Ssmatq ) 81W - RsmAt&t ) r
,'m. alot

which presumes that all the oscillator strength km high >T
is saturated by a single transition (hence , at T -- O , by
a single mode ) is known as the single mode approximation .

If the SMA is exact
,
then Ssma III = SIE ) is the static

structure factor . Within the SMA , we have

rsmatotl-fdwwSH.ws/.f9iwskI.wl--fmhsIq,
But then we also should have

sismatat :[dwwslaiwltfdww- 'SIE . wt = mn9§
Thus if the SMA is valid we must have

I
,
Mnet XIII = HED

'

of course this is certainly not true in general. .

SMA says in ft G ) is an eigenstate . (Not really true . )




