
F -- Fo t fd3xlB + ftp.BP)
whence

¥¥×, -- o ⇒ B - Ktx 5=0

field operator (bosonic)
- Ginzburg - Landau theory f
In 4He

,
the order parameter is #tx ) -- L 4151 > .

¥ to ⇒ Bose-Einstein condensation . Fermions cannot condense !

Rather
,
the order parameter of an s -wave superconductor is

¥151 = it
, Killah) )
-

composite operator
with BE statistics

Lecture 14 ( Feb .
18)

Landau theory : The SC order parameter #txt is a complex
scalar

. Assuming a homogeneous #txt = const.
, we

write the

Landau free energy as an expansion inpowers of it, viz .

ftti
,
#*I = at#ft 'zbl #14

with a , b E IR and b > O for stability. . The fee energy
has an 0121 symmetry under It → ein # ,

#
*

→ e
- id #

*

.

Minimizing f , we find y

if = µ
'T e

"

,
if as o

O
,
if a > O



When a co
,
the order parameter chooses a direction e'

'

4

which spontaneously breaks 012 )
. Recall alt) = a (T- Tc )

near T-- Tc so Tete is the ordered phase . The free

energy is then

f = f
- a42b if a co

0 if a > o

and since f- - fu = - In Hilt) , we identify
a'ITI
Tf,

=
HII
4Th

From London theory , I = MCY4Thset, so if we normalize
1¥12 -- nsln then

HIITIP = = -
att
BITI

combined
,
these results yield

an = -HI .
o, ,

but. 't÷ - Ittf,
in the superconducting phase . Close to the transition ,

Holt) vanishes in proportion to Tilt) , so alt ) = O,
while b. II ) > O .

We have for C = - T 2712T
'

DC = Cs Itc ) - Cuffe ) =

I¢lTc#
b.Kc )



In the vicinity of Tc , we may write a ITI - a' ( Tal ft- II .

Ginzburg - Landau theory : Gradients in the order

parameter must cost energy , so write

f- = a HIT t '
z b TEH t KIT# I

'

t
.
. .

From k we can derive a length scale , 5 = IKI , which
is the coherence length . Since superconductors are charged ,
we extend the above using minimal coupling , viz .

f-- a HEP t 'zbt #Ht KHJtih At# t t 10x IT

Here et = 2e = condensate charge . Under a local gauge

transformation
,
A' → I - tf Fa and #→ e"#

.

Since

gauge transformations result in no physical consequences ,
we conclude that longitudinal phase fluctuations of a charged
system 's order parameter don't physically exist .

Equations of motion : With F = fd3x flit, #
t

,
8¥

,
JE'T

we compute

④ ftp.i-atttbt#PE-klFtifIAPtE
② Fa = 21¥ I Eto# - ¥8#

*It fttitfa } + 4,77

The second of these is the Ampere -Maxwell law, OxB -

-

'

Ic j ,



with

j = - c SFg.fi#=-2kfII7tEHoti-ttoti4teItEfAI
When # = const

.

,
we then have j = - 2kf HERE and

taking the curl again yields

-043=8×18×5 ) = 'IFxj = - sik (¥412 1¥12 B = - 5,213
with

xi -- sik IEII 't# I ' -- stat . Fai . (ETI
'

since I# I
'
= - a/b ..

Now from our previous results , we
have that a'lb = HiIan ,

thus

I
'
= 2. His ' (ETI

'

⇒ He

Critical current : Let # = Ito -- const . Then

f -- ate:L 't
'zbttol " t k 1¥71

'

A'
'

I ol
'

consider a co
,
i - e .
Tc Tc . Minimizing wrt tho I

?

gives

III. 12 =
I al - kletyhcjaz
b-

> O

and

j = - 2kcff.IT/lal-klyetYhcTAZ/a



In other words
,
in Cartesian coordinates

,

£035 =Btf÷8xJ4
Normally 8×84=0 . However this fails when 4 is not

single valued ! Assume I = BI . Then 4 has singularities
in the form of vortex lines .

Write I = If , z ) , whence

ITBtp ) = Btp ) t ok ? ni Self -fi )
where ni ER is the dimensionless quantized vorticity of
the ith singularity . Here we assume no spatial variations

along E
.
To solve , take the Fourier transform :

Btg ) = - [ nie
- i 't ' Fi

It# q i

✓
McDonald function

⇒ BIN = - ftp.?.nikolKIIiY Hit
'

t.Limits of Kotz ) :

O-

Kotz ) = {
- C - la H2 ) as z → o o r

HRH
'

he - Z as Iz I → no

where C -- 0.5772166 . . . is the Euler constant. The log
divergence as p → o is an

artifact of the London limit
,

in which the vortex core size goes to zero .
Better to

impose a smooth cutoff on a scale 5 . The current



density for a single vortex at the origin is then

jhkn¥Fxi3=-¥.£÷KdplHE
with K

,
IH = - Ko

'

ft ) . The total magnetic flux carried

by the ith vortex is nick .

Domain walls : Let's take B -- O and set I -- O everywhere ,
and consider the equation

a¥¥µ, = a #txt t b HEIM
'
KI - KP#txt = 0

Lets scale , writing # = Hallb)
'"
4
, yielding

- 52024 t sgn IT- IH t 14124 = 0

Consider Tc Tc .
Let 4kt = Hx ) eid with a constant.

So the only variation is along × . Thus ,

- Ef " - ft f-3=0 ⇒ 54¥, = #If, It-f 't
')

This looks just like F = ma
,
i.e. nig = - V

'

loft , if we

set g
-

- f
,
t = x

, Vls ) = - tall - g't
'

,
m =3 ?

Familiar to us as motion in an inverted Vlf )

double well . Integrate once :
- l l

54¥71 Ii -H'to # 9-

Since fla ) = 1
, we

have C -- O . Now integrate a



second time to obtain
f

Axl -- tanh I #f×
'

Xo

Thus
, we interpolate between flo) = O and fft ol = ± I in

a smooth fashion .
This is called a domain wall

.

The energy per
unit length of the domain wall is

a =!%xlkldf l 't at #it Ebt#HI
= Ib!:X 1324¥12

- f 't f f ' }

How does this compare with the energy of the bulk super -

conducting state ? The difference is

o
-

- E -!:X that
= 's !:X Is

' III.l 't Htt 't ' I = this
Here

g. = z§d× fi -f ') -- 45123
If we allowed a field to penetrate a distance X,
in the DW state

,
we'd have obtained

SITI = 4g VI3kt - XLCTI (approximation ! )



Detailed calculations show

g =

VI } =/ . 895 if 5>>da

O if 3--151

- SEKI-ill , if 3 cc XL

Recall KI XI3
.
So :

• Type -I
'

. Klutz and 8 > 0
; surface energy prefers

a spatially homogeneous sample for Tc Tc

• Type -I : K > tf and 8<0 ; negative surface energy
causes the sample to break into domains, which are

vortex solutions .

Applications of Ginzburg - Landau theory :

First
,
let's get rid of some constants by rescaling :

It = YET 4 ,
I =
. dir ,
I = little a-

,
it - E 'Hot

so that 4
,
I
,
and I are all dimensionless . Recall

K -- ¥ =

'IIHE = isa ttf÷
Then we may write ←

IT =3
Z

-

G -- Hcffd3r{- 141711414 t Ilk - 'at iia ) tf
+ taxaP - 2T . Jia )



Setting SG -- O , we obtain

① 1.K
- ' I tia 124+4 - 14124=0

② Jxhixa -
-

htt HAE - faultIt -454*1=0
In addition

,
we have the boundary condition

③ in - ( Iti Kai ) 4) of 0

We 'll consider one application of GLT, to magnetic
properties of type - I superconductors .

Consider the behavior when SC is just beginning to

set in
,
so 14141 . In this case

, ① gives
neglect

2 -

- l K
- ' Itioil 4=4 t 01141241

② then gives

8×15-51=04414

and so

'

b -- It -23
,
but from free energy considerations we

conclude 5=0
.
Assume

'

b --
'

h -- b I and choose a gauge
'

a -- - tzbyxttzbxy
Now define the operators

Th, =# Ex -
'

z by , My = ¥# t
'

zbx



which satisfy Kix , Ty ) = blik .
Note that

- 1kt Ital
'

= - Taffy thx' thy
Ladder operators :

V = FIB fix - ing ) ,
rt-- IFI fix tiny )

with 18,8 t ) -- O .

Then

i -= - Ik " Ital
'

= - f. flat. 7TH
'-

rt 'd
.

The lowest eigenvalue of I is then blk, corresponding
to HV = 0

. The full set of eigenvalues is given by

Enlhz ) = 7¥ t Anti) by
The lowest eigenvalue crosses the threshold of 1 when

b -
- h -- K

,
i. e. when B -- H -- VI K Hc = Hoz .

Conclusion : If Has He = ffµ
,

l "thermodynamic critical

field
" ) then a complete Meissner effect occurs when H

is decreased below Hc . The order parameter 4 then
jumps discontinuously , and the transition is first order.
This is the case Kc 2-

'"
.

But it Ha > He and

K > 2
""

,
a complete Meissner effect can 't occur

for H > He
,
hence HE (Hc , Hoz ) is a mixed phase .



type. - I (KLYVI ) type -I (K > YE )

Meissner,
o Hc O Hoi Ho Hu

Find Her -_Y÷ln/2e
-Ck ) = ""s# He (Ks> it

Hcz = VIK He


