
type. - I (Kc YVI ) type -I (K > YE )

Meissner normal
,

Meissner mixed normal
,-1 IF

0 He O Hoi Ho Hu

Find Hoi = fI÷ In 12e
-Ck ) =

kill- 123k )

Tik Hc (Ks> i )

Haz = VIK He ; He = delish545¥ . l¥¥
Lecture 15 (Feb . 231

Lower critical field of a type -I superconductor
we now ask : at what field Hc , do vortex lines first

begin to penetrate a type - I superconductor ? We assume

y > s } ,
ice . the radial coordinate is large on the scale of

the coherence length 5 , which is the vortex core site .

In

this limit we may assume
4-- e ice

,
whence the second GL

eqn yields
Jib = - ( K

- ' 89 ta )
and the free energy in the presence of a single vortex is

Gr
-

- HIIIdk f-It -5+15×55- 5h -
I )

2

Eiko = Hc÷÷ foie Tb . 15+5×15×51 ) -25.5 )
The total flux is Sdlp b. If I = - Hnk

"

,
which we can

see by integrating after taking the curl



5×15×5) = -
J x (K- ' 59 to )

⇒ To +5×(5×5) = - 2Tik- 'n Str ) I

Recall we had found blog ) = - n k
"

ko ly) for a vortex of

strength n .
We replace

5. 15+5×6×511 = - Lak
- '

n 8kt bet

→ - kik
- '

n 8161 b (3)

and we replace blot → b (5/1) = blk
- '

l to get
1. 123

2,5 a -

GIGI = t÷ 124% luke - Ck ) # 4M¥ )
in the limit Ks> 1 (extreme type I ) . This expression is

positive definite for h -- o , and for n = - I the single vortex

energy per
unit length goes below that of

the bulk super -

conductor who

h = he , =
'

z k
- "

In (2e
-Ck )

Here C -- 0.511
. .
. we have e

- C
= 1.123

,
and restoring units ,

Hc ,=f In ke
-

Ck ) -- ¥¥ In knish
and for K>71 , with Hc = VI K ¢./ 4TH ,

we obtain

Hc , =
14/1.123 K )

Fk Hc
, Hc, = VIK Hc



Thus
,
if Er is the energy of a single vortex , the lower

critical field Hc , is given by the relation He, = 4hEu14h .

AbriKosor vortex lattice : consider again the linearized

Ginzburg - Landau equation ,

2

- (K - ' I ti
-

at 4=4

with
'

b -- Jia = BI and b -- K ( in e .
B -- JI Hak -- Ha ) .

Choose the symmetric gauge a- = - tzbyxttzbxy .

Recall

I

[ = - (K -" It iat = 2¥ Ht rt 'z ) - ¥77.
with

V -- II (Fw + I
,
K'o) -- III tax - ing )

where w = xtiy and I = x - iy are complex coordinates .

We see that

j = VIE e - K
'
W'w/4 few et K'Ww14

Thus we conclude any function
4 (x,y) satisfying 84K,y1=0

must be of the form

41x.y ) = ftw ) e
- Kwok

which is to say it is a product of a Gaussian e
- KWTH

and a function Hol
,
which is analytic in it (i.e . the

function f is antiholomorphic .
Note aw = x 't y

'

=p
'

.

We define to lift = (Ep ) "' e - K 1×2+94/4
,
the groundstate of I .



Thus
,

4n.kz/xiy,zl--fz.eiktZlYI4.I4ocg ,
is a normalized excited state of I with eigenvalue

Enlkz ) = k¥2 t 12nA ) BI
The ground state has n -- O , kz -- O ..

However
,
each such

Landau level is massively degenerate ! We have thus far

missed another pair of ladder operators : II = - do

r .. (Etty K'ni) ,
rt. IE - tykw)

p
-

- III. t # Kw) , ist -- EdE - Eiko!

You can check fr , rt) = lp.pt) -- l but fr,p] -- Ir,pt) -- o ,
and that p to let = O .

Thus
,
the full set of eigenstates

of I is given by

tnm.kz/rt--fzzeikttNttYptgm
with eigenvalue,

Tim
to let

2

En
,
m
Ikz ) = k¥+12htt ) BI

independent of the index m .
The freedom to choose

any anti holomorphic function ftw ) as a representative



of the lowest Landau level is associated with this

degeneracy .
In particular , any function of the form

flat -- C .FI
,

co - init

satisfies V f -- O
. The constants {oil are the complexif

'ed

locations of Nr antivortices . Note that
'

141x.yll
'
-

- ICI
'

e
- kowk !II to -oil = Icpe- Tete)

where

if Ifl =
'
z
K'if -2 ? In tf -fit

Thus
, I lip I may be interpreted as the electrostatic

potential of a group of Nu point charges in two dimensions,
in the presence of a uniform background ( I tzkp

'

= 2K ) .

In the thermodynamic limit , we demand 1412 have a constant

density (averaged locally ) , so

Nu

TE Cf) = 2K
'
- 41T § Stp -fi) ( I 0 on average )

I 1

and ur

<nips > =L E 815 -fit > =

'I nip ) -- ¥
,
Stp -gu )

it
21T

Each antivoirTex carries one London flux quantum in

physical units . In our dimensionless units , the flux
is 2TIk per (anti ) vortex , since Sdlp blip ) = - FINE .



Just below the upper critical field we may write

4 -
- tot 84

,
b -- Kt Sb

,
Sb = h - K - 140¥

Here
,
8bio

.
The last equation comes from the

second Ginzburg - Landau eqn , with TT = - i k
- ' Ita

,

sixth -
'

b) = ¥ ( 4th 4 + 4TH
# t -- Re 14¥41

At this point the solution
'

becomes a bit detailed ,
and you can

consult Equis . H .
175 - 186 in the lecture

notes for details . We arrive at an equation .

Soir ft ha - 1) Hotel 't H -⇒ Ho KIM ) = 0
This tells us how we must arrange the zeroes (antivortices)
in flirt .

Note that it says

H - ¥14415 -

- ft - ¥44414 >
where l - - - ) is a spatial average .

Now define the ratio

=

440147
B- A type

= Abri Kosor parameter

Then we have

< Hot 's = pta YYj! = 2144hL(2K 2- 1)PA



Now let's compute the Gibbs free energy density :

Ss -gu = - tf HoH > t s (b - ht 's

= -H- ¥44414 > = - th - Ik Hoi 's

= -
IK - ht
'

y

2k¥ Ip

Restore physical units ,

g. = - Inti t 't:iIYIl
Find Bsn? = 1.18

, Pta = 1.16
. Avg magnetic field is

< B) = - 9T }Sf, = H - Hcz
(2K '- 1) BA

⇒ m=Ba =
Htt .

4%12K'- 1) pa
⇒

x -- 37T -- anti
Just above H = Hc , i assume vortex lattice

Gk±HI÷ foie 15.15+5×15×51 ) -25.5 )
we have

to + j×h×5 , = - ¥ ! ni Stp-fit



and

ftp..IE
.

nikol ' I
✓- v interaction

Replace Kolo ) by Kolk
" ) to get -

Guffin = High (tzlnllnzsk ) !E, hit §!ninjkol ' I
-

self - interaction
+ Kh §hi
-

If H - He , cc Hc , , vortices are external field

spread far apart , can consider only -
B .FI/4TI

nearest neighbor vortex pairs in the interaction term .

Assume hi = - I for all vortices .. Then
# of un

←
NN separation

GTI =mt4 ( Elna .
klttzztkoldl - Kh)
←
unit cell area

What is d ? Write N
,
= AIR

of vortex lattice

E- 9. triangular lattice ⇒ z=o
,
r ..

.

¥¥¥¥
,
so

Gw[ = tf÷ ( (In kink) - 2kh ) d-
'

t Gd
-2Kold ) )

DG

I↳eddlaHice spacing




