
in = '

z
I = # Cooper pairs ⇒ in← it #

Project onto state of definite particle number N --2M :

IM > = 5¥ e-
- ima Ix >

Number fluctuations :

(al N' 21 a ) - Cali last 2 folk sing cos
' Up
-=
-

Calista ) folk sin 'Ve

Thus
,
BN

pins
a VCNT

Lecture 18 (March 21

Finite temperature : The finite temperature gap equation is

so - E. VK.ua?ITtanhlII.t
As T → no

,
we see that A

#
= O is the only solution .

At what temperature does the gap collapse ? We again take

Veii = - F ④ Hw. - 13kt ) ④Hw. - Hall
At =D ① thWis - 13kt )

and we obtain

i -- Egler.lu/iIIl5ts4' ''' tanh. I"¥}I



Setting DIII = O , we have

" Yi stains -- g÷ii
This is an implicit equation for Tc . Assuming kBtec two ,

" "I:3 ' tanhs = In 1274 . thug ) t O (e - twoKhost )
with C = 0.57721566

. . .

the Euler - Masoheron 's constant
.

So

2e
'

kBtc = two e
-2/9/41 u

1. 134

Recall how in this limit we also have

SCT -- O ) = zhw, e
- 2/919=1 U

so combining these results we find the famous relation

2.NO/=2TIe-Ck.zTc--3.52kBTc
which relates the T -- O gap in the electronic spectrum to Tc .

Pb



Isotope effect : The logarithm of the Tc equation is

In To = In WD -
2-

91%1 u
t const.

Suppose we vary the mass of the ions via isotopic substitution .

Then Wo - M
- 'k

changes , but gleet and u are largely
insensitive . Then

8Inte = 8 In W
,
= -

'

z
8 InM

where M is the
.

ionic mass
. This relation is fairly well-

established among low - I materials .

Landau free energy of a superconductor : Let's derive
an expression for the free energy of the superconductor as an

expansion in the gap b . We start with

K
Bcs

= f. Eat'foHot §. Ha - Eet -ff.H.us#E*i.scc. caps
and the relation

cc
- te -oChio ) = - IFF tanh ( 'zpEte )

which we derived previously . After invoking the gap equation ,

K
Bcs
-

-£. Er ,ottokar t f. ( E - Et t
'3Etanh (IFT ) )

Now compute Rs = - KBT In Tr exp f- kBolk⑤T) . We find

Rs = - 2 hot f. In ht e-
EMhit ) t §. ( E - Ey t 13¥41tanh (IFT ) )
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The normal state free energy is obtained by setting ↳ → O :

rn = - 2hpot { In ( It e-
"tillhtt t f (5*-15*1)

With Bz ft ) = DIT) ④ thWo - 13*1 ) , and assuming SHIK two ,
we obtain

Afd = -

'

ggleets (t tanks) - k¥12 told" t)
- 2g left kiss! Is In ( t te

- I Nbt) t tfglee ) (hot)?. . . .
where Do = DIT-- O ) = TI e

- C
kBTC .

① The limit T→ Ot i

. We have

%jI = - I, gleets ( t t 2 In I told'll
- glee thrillers e

-HkBT
t gkr.lkBTft . . .

Extern ite wrt s to obtain an equation for SITI at
low temperatures :

DfT) = Do - 12TIk.pt#e-bo/kBTt . . .

Substituting this result into the formula for the free energy
difference

, we
find

rs = - I
, gleetBo t gleet"BT"
-

e. so,hot-

gkill2T (kBTPbo t - - -



With. Do -- T?
- chaste

, setting the above to the condensation
energy - HotCTI18 IT gives

HDTI -- Helo ) ( t - Tze"(FT)
'

t . . . }
-

1. 057

where He 101=12519147 Do .

② The limit T→ Tj : The analysis here is tricky ; see 0512.14
of the lecture notes . One finds

←
3131=1.20205690 . . .

rsjI-tgkr.hn Is't 9¥ s" t Ots 't
= EITI B t 'zbttl S4 t 0101

with
, working to lowest order in T- Tc ,

a- ITI -- Egler.HE - 1) ,
Totti = }{9↳¥

The heat capacity jump is then

CsCti ) - Cnet) =
Tel ID

'

4th
- =

III) ⇒ SHH KEI

we then have

CsCTI) - Cn (Tet ) 12

¥t
=⇒

= l . 43



The order parameter is accordingly
given by

ith - ETI, = 35%4 - Ets:
in which case

¥÷ .

'"

k¥1
"

I. 734

Just below Tc
,
the thermodynamic critical field He is given

by the expression HE = 4h24THBITI , hence

HdTl

⇒
= I . 734/1 - Fi )

Paramagnetic susceptibility : Add a weak magnetic field :

it
,
= -

HisHuff octhocho = -ftp.Hfqotthotho
We compute the free energy shift,

Dhs Hiv, ye , H ) = Rs (T, V,µ ,H)
-Rs ft, V, µ , O )

= - k
,Tff In µtE¥toMBkoI)It e

- thtKB I

= - m÷¥ie:¥:÷. + out "



The magnetic susceptibility is then ,
Yoshida function

Xs = - tf 037¥ It
, Io 914=1143

YIT )

yet = 21%51- ftp./=sfIssech2f3YEI)
Limits : Y IT→o ) = (2ndKBT ) e

- BlkBT
and yII ) = l .

Since Xu ITI -- glee )guts = Pauli susceptibility ,

Xslt I

⇐
= TITI

As T -so
,
TITI is exponentially suppressed as e

- BolkBT
.

The susceptibility vanishes exponentially because it requires a
finite energy Soto create a Bogo liu bou quasiparticle out of the

spin singlet BCS ground state In metals , nuclear spins
experience a shift in their resonance energies due to hyperfine

coupling to the conduction electrons, called the knight shift .
The formula for the knight shift is

k . - . . . -

K -- wj.no = 851410112Xd
o Te

where 410 ) is the amplitude of the electron wavefunction at

the nucleus . In a superconductor , K ft-so ) → 0 exponentially .
Electrons remain un polarized in a weak external field due to the

finite energy gap .



Supercurrent : As we saw within Ginzburg- Landau theory,
a spatially varying order parameter ¥151 = to Ei E-

I

,
in

the absence of external fields
, corresponds to finite current

density .
The free energy density is ←

K 15¥12

f = attol
'

t

'

zbt #ol
"
t Kaito T

Extreuniting art HEol
'

gives tied
'
= - (at KE'll b if

at k tf s O and zero otherwise . If a = x (T - Tco )
,

we conclude Tel El = ICE -- ol - a
- ' KE. The current

density is

j = - 211¥ - his lot - Ito#
*

I = - 2kze*q
To describe a moving condensate within BCS theory , we must

give finite momentum to the Cooper pairs .

This means

< C
- tet

'Ipt Ctetizpi > = #
hi
, I 85 . I

Then

ii.
is let:* am.⇒K÷.es?:::dl:::::::l

+ § (Se - Ania etat 'Igi Itt ' D)
The technical details are discussed in 0512 - H of the lecture notes .

One finds
Shi

,I
= Do

, I
④ ( two - Bel )



The gap equation is then

sinh-Yhwsot.IE/--g*otsinh-'lsofg )
with ME = HEY8m

't in the case Eg -- Tig42Mt. We determine
the critical wavevector of where the gap collapses by
taking do

, g.
→ O

, resulting in

ge÷j = In ht huffy ) ⇒ yqi-hw.se
-2/9%-10

= { so

Assuming yq
u so

,
we have the gap so , g.

= Do - tgmI* .
Now for the super- current . We have

j = tight Itm2f En te hcttetizaitchtIET )
where n -- NIV .

One obtains j = nsltlehqfdmt where
the superfluid density nsCTI is given by

ndt) = n ( t t 21853¥ ) "
"

m=snstun

= n Li - THI ) ¥7
where Y IT) is the Yoshida function . Note then nnltl -- n YCT ) .

Recall YHc ) -- 1 . Finally , the GL free energy density is

%jI = ICT) lb l 't '

z IIIlls I
'
t Kisi g

'

with
I -ft THI

gleet



Effect of repulsive interactions : Let 's now take

↳µ ,
= { (K - Up )/V if 134k two and Balthus

Ucl V otherwise

Here up is due to phonon -mediated attraction and Uc due

to Coulomb repulsion ( Up , k > O ) . We posit a solution

↳ = { do
if 1341 stw,

D
,
it 13h17 two

with both Do
, ,
E IR

.
We presume up > Vc > 0 so that

attraction wins close to the Fermi surface, but as we shall

see below
,
this is not absolutely necessary ! The gap

equation then yields

so --
'

z gleet top -KIT:B -

tzgkrtk.tw?d3Is7Isi---tzgkelu!Fd3#-

'zgkr.tv#%d3Ts7-
where B is the electron bandwidth . Assuming Ido,datw,KB
we obtain

Ao =
'zgkrtlup-uclb.lu/2hIT)-tzgketucs.lnfEw;)

A = -
'zgkelvcb.hn/2hIT)-tzgketucs.lnfEw;)

The second of these equations gives



t.gkr.lk/nl2rhWD/bo )
Do c Ob

,
= --

It t.zgkelklnlBI-hw.SI
Insert this into the first equation to find

s÷n 4- IT. giBHw;) . In MIT)

which has a solution provided
Vc

Up 3-

It t gleet 4 In (BthWI)

The RHS reflects a renormalized value of the bare

Coulomb repulsion Vc .
Thus , we can have a superconducting

solution even when

Vc > Up >
4-
It t.zgkr.tk In (BthWI)

and the interactions are always repulsive ! ! Very surprising !
To find Tc ,

set so
, ,
→ 0 with r =D

,
Iso finite :

gie, = (up - Vc )! 5
' tanh S - ru#Bds s - 'tanks

2-
- r
- '

k! s s
- '

tanh s - ¥71s s - " tanh sgKp )
=

where tw
, 12k.zI and B = 1312kBI . We obtain



feet
.

-

- 4- EpgiBHw, ) - ht"I!IT)

Once again , 2bolt
-

- 01=3.52 ↳To , but with

KBTC = 1.134kW
,>
e
- 2/9/41 Uetf

and

Neff = Up --41ttzglsetuclnlblhwp )

standard notation :

µ
X=tgkH Up , µ :{9191k , Y¥=T¥BHwpT
so that

Kotc = 1.134 two e
- HH -pity

and

so = 2h-w.se
-HH -MH

s
,
= -
tithe

' X-yet

since pet depends on w, ,
the isotope effect is affected .


