PHYSICS 140A : STATISTICAL PHYSICS
MIDTERM EXAM SOLUTIONS

(1) ¥ moles of an ideal diatomic gas are used as the working material for a reversible
engine whose cycle ABCDA is depicted in fig. 1. Segments AB and CD are isotherms at
temperatures T, and T} , while segments BC and DA are isochores at volumes V, and V.

Important: Express all your answers in terms of v, T}, T, V}, and V;, (and not either of the
pressures p; Or ps).

P2

P,

Figure 1: The engine cycle.

(a) What is the work W, ;; done by the engine and the heat @ , ; absorbed by the engine on
segment AB? [10 points]

(b) What is the work W5 done by the engine and the heat ()3~ absorbed by the engine on
segment BC? [10 points]

(c) What is the work W, done by the engine and the heat Q. absorbed by the engine on
segment CD? [10 points]

(d) What is the work W,, done by the engine and the heat ), absorbed by the engine
on segment DA? [10 points]

(e) What is the efficiency n = W, /Q,? [10 points]
Solution :
Since p = vRT/V we have:
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(a) ABisothermal, so AE,p = 0. Thus Q= Wy = [ dV p(V) = vRT,log(V,/V;).
v
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(b) BC isochoric, so Wy, = 0. Thus Qg = AER = 3vR(T, — T)).
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(c) CD isothermal, so AE, = 0. Thus Q. = Wep = [ dV p(V) = vRT, log(V; /V5).
V2

(d) DA isochoric, so Wy, = 0. Thus Qp,, = AEp, = SvR(T, — T}).

(e) The work done per cycleis W, = Wyg+Wpe+Wep+Wpy = vR(T, —T) log(Vy/ V).

The efficiency is n = W, /Q g = 1 — %, which is the same as the Carnot cycle efficiency.

(2) Consider the equation of state for a monatomic nonideal gas,

oN?
<p+ W@T)(V—Nw) = Nk, T ,

where o and w are constants. (Note that this is not quite the van der Waals equation of
state.)

(a) What are the dimensions of o and w? [10 points]

(b) Show that the equation of state can be rearranged in the form p(7', V, N) = k,;T¢(V/N),
and find the function ¢(u) (Where v = V/N). [15 points]

(c) Find E(T,V,N). Hint: Consider the low density limit after you ascertain the volume
dependence. [15 points]

(d) Find S(E,V,N). [10 points]

(e) N atoms of this gas undergo adiabatic free expansion from an initial volume V; = 5Nw
to a final volume V,, = 2V} = 10Nw. Find AS. [100 quatloos extra credit]

Solution :

(a) Since Nk,T/V has units of pressure, cN2/V must be dimensionless. Thus [0] = L
(volume). Obviously [w] = L as well.

(b) We rearrange the equation of state to obtain

Nk,T oN?
= — T=k,T N
p= i = o kT = Ky TO(V/N)
where L
o
=T
(c) Recall



Thus for our system, £/N must be an intensive function of 7" alone, independent of vol-
ume. Hence the result cannot depend on density either and considering the low density
limit, the energy must be that of a monatomic ideal gas, E(T,V,N) = 3Nk,T.

(d) We have

dE p
ds|, = T+ mdV = $f Nkydlog E + ky ¢(V/N)dV

with f = 3. Integrating, we obtain
V/N
S(E,V,N) = 3fNky log E + NkB/duqﬁ(u)

N2k
= LfNkylog E + Nk, log(V — Nuw) + 2=

+x(N)

where x (V) is a function of N alone. Since S(E, V, N) must be extensive and have dimen-

sions of k,, we can write

oN?k,
V

E Vv
E,V,N)=1fNk_ log( — Nk.log| — — 1
S0V, 8) = 0y o 1) ko < 1) 4

+N80 )

where ¢ is a constant with dimensions of energy and s, is a constant with dimensions of
entropy. (You weren't expected to put the answer in this form.)

(e) We have

2V — Nw\ oNZ2k,
S(E,2V,N) —S(E,‘CNHN"?BIOg( V- Nw ) 2V

— Nk, [210gg = i]



